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Abstract 

The sharp increase of plastic wastes has resulted in great social and environmental pressures and 

recycling, as an effective way currently available to reduce the negative impacts of plastic wastes, 

represents one of the most dynamic areas in the plastics industry today. Flotation is a promising 

method to solve the key problem of the recycling process, namely separation of plastic mixtures. 

Flotation enables the separation of hydrophobic materials from hydrophilic and it is based on the 

ability of some solids to remain attached to the bubble surface. 

The present habilitation thesis summarises, in the form of comments, the results of my work 

focused on bubble behaviour and bubble-particle interactions in flotation, concentrating on the 

flotation of plastics. The thesis is divided into three major chapters. The first describes the basic 

principles of plastics flotation including processes and chemicals used during the flotation 

process. The second chapter is the basis of my scientific work on the field of bubble-particle 

interactions in the flotation process. The basic principles and also differences between mineral 

and plastic flotation are compared in the beginning. Then the fundamental processes, collision of 

a spherical bubble with a falling spherical particle and attachment of the bubble onto the 

hydrophobic solid surface, are discussed. These two processes determine the effectiveness of the 

whole flotation process. The last chapter deals with bubble behaviour in aqueous solutions of 

simple alcohols. 

The thesis summarises the basic problems that determine the efficiency of separation during 

plastic flotation. In the text, 15 works by the author are cited and refer to 81 core works in the 

field of plastics flotation and bubble-particle interactions. Links to the author's original work are 

highlighted in blue for clarity.  
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1 Introduction 

Particle–bubble interactions are a central issue in physico–chemical hydrodynamics, 

surface forces, multiphase reactors, and the dynamics of wetting films and adsorption at liquid 

interfaces. The mechanisms of bubble–particle interactions also control the selectivity and 

efficiency of the flotation process[1]. This process is based on the ability of some solids to remain 

attached to the gas-liquid interface. Particles of such a solid then agglomerate with bubbles and 

are floated to the liquid surface, from which they can be easily separated. The flotation was 

originally used for the separation of coal or mineral particles from mined ore deposits. Owing to 

its simplicity and high efficiency, the flotation is nowadays also used for separation of oil sands, 

print inks in paper-recycling, waste water treatment, and also for separation of various plastic 

materials [2-5]. Plastics are extremely versatile materials and they are used for medicinal 

purposes, in everyday products including packaging for food and other goods, in the automotive 

industry, and in sports equipment and safety equipment like helmets or fire suits.  In 2017, almost 

40% of plastic was used in packaging, 20% in building and construction industry, 10% in 

automotive industry, and 6% in electrics and electronics [6]. The high demand for plastics means 

a high production rate with an estimated 60 million tonnes being produced in 2016 in the EU-27 

alone while simultaneously producing a high level of waste. The European plastics industry had a 

turnover of more than 350 billion euros in 2017 and the European plastics industry had a trade 

balance of over 15 billion euros. In 2016, more than 8.4 million tonnes of plastic waste were 

collected to be recycled inside or outside the EU. By 2020, the EU-27 will have set a target of 

having zero plastics dumped in landfills. This target was set because plastic products at the end of 

their life are too valuable to discard since they can be re-formed into their original state, utilised 

to generate heat and power from combined heat and power plants, or used to bolster plastic 

supplies.  

Of the four stages in plastic recycling: collection, separation, processing/manufacturing 

and marketing, separation is considered to be the most important as only the highest quality 

resins can be used for preparing plastic or chemical products. The EU has invested in developing 

new methods for the separation of plastics after collection, including smart and green interfaces, 

to help reach its goal. This method utilises flotation to separate the plastics, an already proven 

efficient separation method in mineral processing where the attachment of bubbles increases the 

floatation of some materials while depressing others allowing separation to occur. 
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This habilitation thesis summarises approximately fifteen years of my work on bubble 

behaviour and bubble-particle interactions in flotation, focusing on the flotation of plastics. This 

thesis is divided into three major chapters. The first one describes the basic principles of plastics 

flotation including processes and chemicals used during the froth flotation process. In the end of 

the chapter, our contribution dealing with polystyrene flotability and wettability is included. The 

second chapter is the basis of my scientific work on the field of bubble-particle interactions in the 

flotation process. The basic principles and also differences of mineral and plastic flotation are 

compared in the beginning. Then I describe the collision of a spherical bubble with a falling 

spherical particle and the attachment of the bubble onto the hydrophobic solid surface. These two 

steps determine the effectiveness of the whole flotation process. The last chapter deals with 

bubble behaviour in aqueous solutions of simple alcohols. 

 

2 Basic principles of plastic flotation 

The application of flotation for the separation of plastic mixtures is relatively new. The 

earliest publications on this subject date back to the late seventies and originate from Japanese 

authors. The idea to apply the flotation technique to plastic separation was a logical step as ore 

flotation research has demonstrated that the surface properties of different materials can be 

altered selectively by surfactant adsorption [2]. Plastic recycling requires a previous separation 

between plastics and other constituents, and also between different polymer types, in order to 

achieve a good recycled plastic quality since most plastic types are not compatible with each 

other due to the immiscibility at the molecular level, which can cause serious processing 

problems and lowers the product quality[5]. As is currently known, it is too difficult to separate 

mixed plastic with slight differences in density by gravity separation, as well as to separate mixed 

plastic waste with slight differences in charge by the electrostatic technique. Flotation separation 

is based upon selective attachment of bubble on the particles to be separated, which requires a 

sufficient difference in the wettability of the particle surface. Plastics are hydrophobic by nature, 

therefore, the surface of one or more types should become hydrophilic while the others are kept 

hydrophobic. Flotation reagents can be divided into depressants, frothers, and collectors. In 

mineral flotation, low-molecular-weight surfactants, i.e., collectors, are usually used to render the 

valuable minerals hydrophobic, while high-molecular-weight polymers, called depressants, are 
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used to render the undesired particles hydrophilic. In plastic flotation, mainly depressants are 

used [7, 8] due to the natural hydrophobicity of plastics. These compounds selectively wet 

plastics and thus they can be referred to as wetting agents for plastics flotation. Suitable wetting 

agents for plastics flotation are composed of molecular parts capable of adsorbing on plastic 

surface and molecular groups that render plastic particles hydrophilic. A series of wetting agents 

suitable for plastics flotation were reported such as tannic acid [9, 10], methylcellulose [11], and 

lignosulfonates [8, 12, 13].  

Frothers create conditions for froth formation. These surface-active compounds contain a 

polar group and a hydrocarbon radical capable of adsorbing in the air-water interface. Frothers 

are utilised to facilitate air dispersion into fine bubbles and to stabilise the froth where the 

separated particles are collected. Frothers also interact with other molecules adsorbed onto the 

solid surface. Good flotation frothers have branched hydrocarbon radicals and form loosely 

packed gaseous films at the liquid/gas interface. Their hydrophile-lipophile properties must be 

properly balanced and for most good frothers, the HLB values are close to 6. This allows them to 

co-operate actively with the adsorbed collector in the moment of particle-bubble attachment. 

Increasing molecular weight at roughly the same HLB values makes frothers more powerful 

while those with lower molecular weight are more selective [14, 15]. The most well-known 

surfactants are MIBC (methyl isobutyl carbinol), terpineol (pine oil), Tritons, and the set of 

Dowfroths. 

The earliest studies focused on testing reagents used in mineral and coal flotation. The 

majority of recycling processes start with size reduction followed by sink-float separation 

(density separation) to separate the lighter components, such as polyolefins (PP and PE) and 

foamed resins (PUR and expanded PS), from heavier plastics (ABS, PS, PET, PVC and PC etc.), 

and froth flotation is obviously suitable for separation of heavier plastics. The survey of results of 

separation for two-component mixtures is listed in Table 1. All mentioned authors, using 

different equipment and chemical environments, attained satisfactory results. 
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Table 1.  Flotation separation of plastic mixtures [7] 

 

Authors Reagents Plastics Recovery (wt. %) 

  Float Non-float Float Non-float 

Wang [12] Tannic acid  PS PET 98.60 94.60 

  PC PET 95.83 92.24 

  PS PC 97.08 94.44 

  PET PVC 98.63 95.73 

  PS PVC 98.88 95.30 

  PC PVC 96.94 94.86 

 Lignin sulfonate  PET PVC 99.25 98.35 

  PS PVC 96.71 98.15 

  PC PVC 98.09 97.21 

 Methylcellulose  PET PVC 96.72 93.90 

  PS PVC 96.62 93.71 

  PC PVC 91.98 93.13 

 Triton X-100  PET PVC 59.88 94.38 

  PS PVC 64.75 93.63 

  PC PVC 58.25 93.13 

Pongstabodee [8] Calcium lignosulfonate PVC PET 98.7 90.6 

  PS ABS 99.0 96.3 

Marques [16]  Calcium lignosulfonate PVC PET 98.9 99.3 

Singh [13] Sodium lignin sulfonate POM PVC 95.0 97.0 

 Sorbitan monolaurate  POM PVC 80.0 95.0 

Valdez [17] Aeromine 3037 D-Nylon Z-Nylon 99.0 98.5 

 Aeromine 3037 ABS Z-Nylon 96.6 89.0 

Abbasi [9] Tannic acid PVC PET 91.89 96.51 

Shibata [10] Lignin sulfonate PC PVC 74.0 99.6 

  POM PVC 96.7 90.2 

  PPE PVC 87.4 95.0 

 Saponin POM PC 99.5 86.3 

 Tannic acid PPE PC 85.5 99.0 

 Sorbitan PPE POM 73.4 98.0 

 

 

In the following years, a number of articles have been published, whose authors try to 

separate multi-component mixtures [8, 10, 18]. For example, Pongstabodee [8] designed a 

process, enabling the three-stage separation method for the six mixed-plastic waste (HDPE, PP, 

PVC, PS, PET and ABS). Complete separation of HDPE from PP is achieved by a sink–float 

method with 50% v/v ethyl alcohol. Success in the separation of the PS/ABS mixture from the 

PET/PVC mixture is obtained by a sink–float method with 30% w/v calcium chloride. The 

separation of PET and PVC by selective flotation is achieved when using 500 mg/l calcium 
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lignosulfonate as a wetting agent, 0.01 ppm MIBC as a frother, and 0.1 mg/l CaCl2 at pH = 11. 

To be successful in the separation of ABS from PS, 200 mg/l calcium lignosulfonate is used as a 

wetting agent and 0.1 mg/l CaCl2 at pH = 7 is used as a flotation solution. This process is 

illustrated in Fig. 1. 

 

 

 

Fig. 1  Scheme of the plastic recovery process by combination of sink–float method (gravity 

separation) and selective flotation technique [8]. 

 

In our research group, we studied the mutual coherence between the flotability and 

wettability of plastics (specifically polystyrene) at different concentrations of flotation agents 

[19]. We measured the surface tension, wettability and flotation recovery for four flotation 

agents. The results are given in Fig. 2. Terpineol, as the representative of the simplest type of 

frothers, does not affect the polystyrene wettability and its presence especially influences the 

properties of the flotation solution. It is used for the production of stable foam. Polyethylene 

glycol dodecyl ether, formally assigned to frothers due to high surface activity, considerably 
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enhances the wettability of polystyrene and above the concentration 60 mg/l decreases the 

flotability. The addition both of calcium lignosulfonate and tannic acid leads to considerable 

decrease of the flotability. In case of calcium lignosulfonate, the flotation recovery decreases 

significantly at low concentration, while in case of tannic acid it falls down with increasing 

concentration almost linearly. We proposed that the adsorption mechanisms of tannic acid and 

calcium lignosulfonate were different. We concluded that macromolecular wetting agents of the 

polyelectrolyte type adsorb more quickly on polymers that do not contain oxygen molecules in 

their structures and the non-ionic macromolecular wetting agents are more easily bound by 

polymers containing oxygen molecules.   

 

 
 

 

 
 

 

Fig. 2. The concentration dependence of surface tension, wettability, and flotation recovery of 

polystyrene for the flotation agents terpineol, polyethylene glycol dodecyl ether, calcium 

lignosulfonate, and tannic acid. 

   

  



7 

 

3  The collision and adhesion process during the bubble-particle 

interaction 
 

For the efficient bubble-particle capture, a sufficiently close encounter is required. The 

process is initially controlled by the hydrodynamics governing the bubble-particle approach in the 

liquid phase. As the particle and bubble come closer, the influence of intermolecular and interfacial 

forces increases. The liquid film between the bubble and particle surfaces begins to drain away, 

causing the film to rupture. The three-phase (air-liquid-particle) contact line becomes larger until a 

stable wetting perimeter is established and, at this point, a stable bubble-particle aggregate is formed. 

This bubble-particle interaction process is usually described as consisting of a sequence of three 

discrete steps [20-24]: 

(i) collision - approach of the bubble and the particle to the contact distance;  

(ii) attachment - adhesion of the particle to the bubble surface when the particle is smaller 

than the bubble; or adhesion of the bubble to the particle surface when the bubble is smaller than the 

particle. The attachment process begins with the drainage and rupture of the liquid film, and 

continues with contact line movement;  

(iii) stability - detachment of the bubble from the particle surface occurs when the bubble-

particle aggregate is unstable. 

The flotation overall probability (better efficiency) E of particle collection by a bubble can 

be represented by using the three probability terms: 

c a dE E E E   .                                       (1) 

where Ec is the efficiency of collision between the particle and the bubble, Ea is the efficiency of 

adhesion after collision and Ed is the probability of maintaining the adhesion (or detachment)[25]. 

The collision and attachment processes will be described in the following text separately.  

 

The bubble behaviour and also bubble-particle interactions are strongly influenced by the 

presence of surface active agents (surfactants). According to their structure, surfactants are 

amphipathic organic compounds that are composed of both a hydrophobic and hydrophilic 

section. Surfactants can be grouped into one of the following categories depending on the charge 

group on the head [26]: anionic, cationic, non-ionic, and zwitterion. In water, surfactants have 

two options to ensure each section interacts with its favoured environment. Firstly, it can arrange 
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itself so that the hydrophobic head is above the water’s surface while the hydrophilic head is still 

submerged. Secondly, they can arrange into micelles, where the molecules form aggregates so 

that the head is exposed to water while the tail points towards the centre of the aggregate. The 

critical micelle concentration (CMC) is the concentration at which micelles form and any 

surfactant molecules that are subsequently added will join on to the micelles. In solutions of 

surfactants, the surface tension changes over time. A freshly formed liquid-gas interface has a 

surface tension very close to that of a solvent. Over a period of time, surface-active molecules 

adsorb onto the interface. The surface tension decays to its equilibrium value and this period of 

time can range from milliseconds to days depending on the surfactant type and concentration 

[27]. 

The surfactants in the bulk phase accumulate on the bubble surface due to their surface-

active nature. These are then swept to the rear of the rising bubble due to the relative motion 

between the bubble and liquid phase, forming an inhomogeneous interfacial composition. The 

interface remains almost surfactant-free close to the bubble front stagnation point and the 

surfactant contamination accumulates in the rear region. Therefore, a concentration gradient is 

observed between the front and rear, which must be balanced by a jump in the shear stress that 

opposes the counter-current flow and partially immobilises the rear surface. This phenomenon is 

known as the stagnant cap hypothesis and it has been generally accepted for explaining the 

behaviour of contaminated multiphase systems [28]. In pure liquids (e.g. in pure water), no 

contaminants adhere onto the interface, the interface remains “mobile” and the liquid therefore 

exerts very low shear on the bubble surface. The surfactant molecules adsorb at the interface and 

immobilise the bubble surface to some extent. The flow around such a bubble and also its drag 

are well approximated by the behaviour of a solid particle with no-slip boundary condition for the 

liquid flow [29].  We talk about “contaminated” bubbles with fully or partially immobile surface. 

 

3.1 Collision process 

For a bubble to capture a hydrophobic particle efficiently, they must first undergo a 

sufficiently close encounter. A number of excellent reviews on determining the collision 

efficiency in mineral flotation mostly consider the gravitational, inertial, and interception 

mechanisms [22, 24]. The collision efficiency Ec is given by: 

)1)(1)(1(1 isgc EEEE  .               (2) 
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Here, Eg, Es and Ei denote the efficiencies due to gravity, the interception mechanism, and inertia 

respectively. In the standard flotation process, the particles are usually much smaller than the 

bubbles (we refer to these size proportions briefly as mineral flotation thereinafter). Oppositely in 

the case of plastics flotation, the particles are of comparable or even bigger size than bubbles. 

When this small bubble-large particle interaction is considered, we can utilise a similar 

description [30]. The efficiency due to the bubble buoyancy Eb replaces the gravity mechanism, 

and the Ec relation can be rewritten as:  

)1)(1)(1(1 isbc EEEE  .               (3) 

The importance of individual efficiencies will be discussed later. The typical scheme of bubble-

particle interaction in mineral flotation is illustrated in Fig. 3A. Bubble-particle interaction in 

plastics flotation, in which the particle is larger than the bubble, is described in Fig. 3B [30]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Scheme of bubble–particle interaction process.  A – single rising bubble and small falling 

particle; B – small rising bubble and large particle. Grazing trajectory with radius Rc, maximum 

initial angle φ0,max and maximum collision angle φc,max are denoted. 

 

The critical trajectory, known as the grazing trajectory, distinguishes the trajectories of particles 

that encounter the bubble from the trajectories of those that do not, and is characterised by the 

critical radius Rc and the critical collision angle φc,max. The polar angle φ is measured at the 

bubble centre and from the front stagnation bubble point.  
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The flotation efficiency is defined as the ratio of the number of colliding particles to the 

total number of particles in the swept volume [22, 31]. The collision efficiency Ec can be defined 

analogously as the ratio of the number of bubbles colliding with the particle to the number of 

bubbles that would collide if their trajectories were not deflected by the flow around the particle 

(see Fig. 3). Similar to the case of mineral flotation [22, 32], this efficiency can be determined 

from the bubble grazing trajectory (with initial angle 0,max), which distinguishes the trajectories 

of bubbles that encounter the particle surface from those that do not. Based on a simple geometric 

interpretation of the grazing trajectory, one can obtain the following simple relation [22]:  

2

2

c 0,maxsin ( )c

p b

R
E

R R


 
    

.                       (4) 

Here 0,max is the initial angle corresponding to the grazing trajectory [33, 34].  

 In our research group, we focused on the determination of collision efficiency from 

experimental data and we proposed a new theoretical model [34, 35]. The bubble is considered 

spherical and can be either clean (with mobile interface, pure liquids) or contaminated (immobile 

interface, aqueous solutions with surface-active agents). The particle is also spherical and moves 

vertically downward with a steady velocity. The model assumes potential flow around the 

spherical particle ( [36]; Rep = ρUpDp/η >> 1) and balances forces acting on the bubble, leading to 

a differential equation for its motion [29]. Here, the buoyancy (Fb), drag (Fd), added-mass force 

(Fam), inertial force (FI) and lift due to the flow restriction by the particle (FL) were considered. 

The bubble motion was finally described by a system of equations 
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,            (5) 

where the bubble position was characterised by spherical coordinates rb and b.  

The experimental bubble trajectory was described using the bubble initial horizontal 

position x0 and its position xcol at the collision. On the condition that the frame of reference 
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moves together with the particle and its origin is fixed in the particle’s centre, the horizontal 

position of the bubble centre in its initial position (sufficiently distant from the particle) can be 

defined as x0 and simultaneously the position of the bubble centre at the collision point can be 

characterised by its horizontal position, xcol. It was observed that the collision position increases 

almost linearly with the initial position, thus the parameter k characterises the bubble deviation 

from its vertical path caused by the flow around the particle. The linear dependence was 

confirmed both experimentally and theoretically [34]. Based on a simple geometric interpretation 

of the grazing trajectory, one obtains for the bubble-particle collision efficiency 2

c 1E k . If the 

parameter k is plotted against the ratio of terminal bubble and particle velocity Ub/Up we obtain a 

single master curve. It demonstrates the importance of the velocity ratio as the dimensionless 

parameter controlling the collision process between small bubbles and large particles [34]. This 

linear dependence is consistent with the Flint-Howarth buoyancy model [37]  

pb

b
b

UU

U
E


 .                                                                                                                    (6)  

 

The dependence of the collision efficiency Ec on the ratio Ub/Up is illustrated in Fig. 4. The 

experimental efficiencies are depicted as circles and rhombi. The efficiencies calculated using the 

theoretical model (eq. 6) are illustrated with squares. The efficiencies calculated using equation 3 

are illustrated with crosses; details are given in [33]. The efficiency calculated using the Flint–

Howarth buoyancy model is shown as the full black line. It is obvious that the Flint–Howarth 

buoyancy model underestimates efficiencies for lower values Ub/Up. Therefore, we included the 

influence of interception and inertia mechanisms and we proposed the following equation [33]: 

b p

b p1.02568 0.74057
c

U U
E

U U



.                                                                                       (7)          

This equation and all above mentioned conclusions are valid for bubbles both with mobile 

and immobile surface, where the immobile surface is considered in systems with surface active 

agents. The surface immobilisation leads to the increase of drag and thus also to the bubble rise 

velocity decrease. The bubble rise velocity drops by roughly half. The bubble Reynolds numbers 

ranged from 5 to 180 and particle Reynolds numbers ranged from 35 to 1400. 
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Fig. 4  Dependence of the collision efficiency Ec on the relative velocity ratio Ub/Up. 

 

The overall efficiency in plastic flotation is thus controlled mostly by the buoyancy of the 

bubbles and only partially by the interception mechanism and inertial effects.  In the mineral 

flotation, the situation is the opposite and the interception mechanism or inertial effects are 

crucial. Particle inertia is important for heavy and/or large particles and becomes dominant for 

Stokes number greater than unity. For a smaller Stokes number, the interception mechanism 

predominates.  We confirmed the view that the inverted size proportion changes the mechanics of 

bubble-particle interaction [38]. 

 

3.2 Attachment process 

 

The bubble adhesion onto the hydrophobic particle and the stability of created unit are the most 

important parts for the determination of the effectiveness of the whole separation process in 

flotation. It is commonly accepted that the bubble attachment consists of two terms [21, 39]:  

(i) thinning of liquid film to a critical thickness where the rupture of the liquid film 

begins; and  
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(ii) expansion of the three-phase contact line to form a stable wetting perimeter. This 

perimeter is usually named as the three-phase contact line (TPC line).  

 

When the bubble and the particle are sufficiently close together, a liquid interface film is formed 

between the bubble and the particle surface. The rate of the film depletion (often referred to as 

film drainage rate) is limited by the liquid viscosity at the beginning of the process, reaching its 

critical thickness. At this point, the rate starts to be influenced by the intermolecular forces acting 

between the molecules of the liquid and the solid particle. Initially it was assumed that the rupture 

of the liquid film is connected with the density fluctuations and the TPC contact arises from a 

hole of a certain diameter in the intervening liquid film [22, 40, 41]. Nowadays, the surface 

hydrophobicity or hydrophilicity is considered to be a major factor influencing liquid film 

rupture.  Whereas in the case of hydrophilic surfaces, the intermolecular forces stabilise the liquid 

interface film so that the bubble never adheres to the solid surface, in the case of hydrophobic 

surfaces, the forces act to destabilise the film and eventually break it to form the three-phase 

contact line [42-45]. The liquid interface film ruptures in the case of highly hydrophobic solid 

surfaces, but the time of depletion depends on the stability of the film formed, its drainage 

kinetics and the critical thickness of its rupture [46, 47]. Generally, the more hydrophobic the 

surface is, the less stable the interface film is. Since the hydrophobic surfaces show a high 

affinity to air, the roughness of the solid surface plays an important role as well because the 

surface cavities or scratches can entrap air in the form of micro- or nano-bubbles. Zawala [46] 

suggested that the presence of air facilitates the film rupture due to the low stability of the local 

liquid films between the micro- or nano-bubbles and the colliding bubble. The three-phase 

contact (TPC) line in pure water is then formed as a result of coalescence between 

submicroscopic bubbles already attached to the hydrophobic surfaces and the colliding bubble.  

 After the rupture of the interface film, the liquid phase begins to retreat from the solid 

surface due to an uneven distribution of the liquid-gas interfacial tension. The movement of the 

three-phase contact line is involved in both the wetting and dewetting mechanisms. Dewetting is 

applied in the case of bubble adhesion on a solid particle, while wetting occurs during liquid drop 

spreading on a solid surface. The contact line movement is driven by fluid dynamics and 

molecular interactions of the contacting phases. Surface tension and inertial and viscous forces 

influence the expansion of the TPC line.   
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 In our research group, we focused on the detailed description of the TPC enlargement [27, 

48-52] and on the influence of different types of surfactants [53, 54]. The second topic is 

described in the next chapter. The dynamic process of either wetting or dewetting can be 

described by the velocity of the contact line expansion U which is defined as 

TPCdR
U

dt
 .                                                                                                                   (8)  

Here, RTPC is the diameter of the three-phase contact line and t is time. Several theoretical models 

have been developed to describe the TPC line expansion, relating the velocity dependence on 

dynamic contact angle to measurable properties such as surface and interfacial tension, liquid 

viscosity and static contact angle. Historically, the two main approaches are the hydrodynamic 

and molecular-kinetic models. An alternative view is the combined model, which applies both 

surface and hydrodynamic factors [55-57]. Cox [58] established the basics of the hydrodynamic 

model for the wetting mechanism. It suggests that the process is dominated by the fluid viscous 

dissipation. Thus, the bulk viscous friction is the main resistance force for the TPC line contact 

motion [57]. The main deficiency of this model is the description of the fluid motion very near to 

the contact line. The slip length of the nanometre scale was introduced to describe the unique 

hydrodynamic mechanisms acting in close proximity of the contact line [55]. Use of the 

hydrodynamic theory has been suggested for wetting mechanism at low contact velocities [57]. 

The second theoretical model is the molecular-kinetic model which eliminates the viscous 

dissipation but includes the solid surface characteristics. The theory is based on a statistical 

treatment of the transport mechanism of molecules and ions. This model assumes the energy 

dissipation to occur only at the moving contact line, where adsorption and desorption processes 

occur. The movement of the TPC line is ruled by the statistic kinetics of molecular events arising 

at the adsorption sites of the solid surface [55]. The most common approach to the molecular-

kinetic model is the one proposed by Blake and Haynes [59], which is commonly applied to 

dynamic wetting. Since it was shown that the two mentioned models do not fit the entire velocity 

range of experimental data, a combined molecular-hydrodynamic approach has been proposed 

[55, 57, 60]. The dewetting hydrodynamics is used to describe the effect of fluid flow on the 

interface deformation far from the three-phase contact line and the molecular kinetics is used to 

describe the dewetting close to the contact line. Recently, Fetzer and Ralston [61] concluded that 
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the molecular displacements are not caused by adsorption or desorption events but rather by the 

nanometre-scale surface heterogeneity (chemical or topographical), which influences the contact 

line motion in a low-velocity regime. 

 All abovementioned models describing TPC line extension are based on similar principles 

that the liquid film break occurs on the bubble symmetry axis, the position of the bubble’s centre 

of gravity position is on the vertical axis of symmetry, and the radius of the TPC line gradually 

increases as the velocity of the TPC line expansion decreases. These assumptions have not yet 

been experimentally verified. Our project was thus focused firstly on the detailed experimental 

study of bubble adhesion on a hydrophobic solid surface and later, with the cooperation of our 

polish partners, on the numerical simulations of kinetics of the TPC line expansion. We used the 

high-speed camera in a side position in high resolution and capture frequency 16000 fps in order 

to precisely capture the bubble motion and shape oscillation during the adhesion. A series of 

photos illustrating the adhesion of the bubble onto the hydrophobic solid surface in pure water is 

given in Figure 5. 

 

 

 

Fig. 5. A series of photos illustrating the adhesion of the bubble (Db = 0.705 mm) onto the 

hydrophobic solid surface in pure water. The time interval between individual shots is 0.0625 ms. 
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The bubble adhesion is much slower in solutions of surface active agent. An example is 

illustrated in Figure 6. The sequence of photos illustrates the bubble (Db = 0.712 mm) adhesion 

onto the solid surface in an aqueous solution of anionic surfactant sodium dodecyl sulphate SDS. 

 

 

Fig. 6.  Sequence of photos illustrating a course and outcome of the bubble (Db = 0.712 mm) 

adhesion onto the solid surface in aqueous solution of SDS at concentration 210
-2

 mol/l. The 

time interval between individual points is 0.25 ms. The final image represents equilibrium at t = 

25 ms. 

 

Our most important conclusions can be summarised in the following points [27, 49]:  

 i) The rupture of a liquid film is not symmetrical with respect to the vertical axis of the 

bubble symmetry. This finding is in accordance with the conclusion of Chan [62], who proved 

that the liquid film becomes the thinnest close to the apparent contact line.  

 ii) The asymmetry of the TPC line formation leads to bubble surface oscillations and 

asymmetry in dynamic contact angles. In case of completely mobile liquid/gas interface, 

corresponding to pure water, the uneven motion of the TPC line causes the change of boundary 

conditions and characteristic bubble shape oscillations were observed during the TPC line 

formation and expansion. Similar linear oscillations and irrotational flow during the bubble 

contact with the solid surface were described by Vejražka [63]. The TPC expansion velocity vs 

time curve exhibits a characteristic peak around 1 – 2 milliseconds after the liquid film rupture. 

We proved that this characteristic peak has the hydrodynamic origin and is associated with a local 
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increase of total kinetic energy of the system, resulting from quite violent bubble shape 

pulsations. The time dependence of the expansion velocity U in pure water is shown in Figure 

7A. 

 iii) In surfactant solutions, the effect of the liquid/gas interface immobilisation is very 

significant, because the bubble shape pulsations are damped and kinetic energy changes were 

smaller and smoother. Also the velocity of TPC expansion is significantly slower. The forces of 

the surface tension gradient overcome the viscous forces and the hydrodynamic model is not able 

to explain the non-monotonic curve of the expansion velocity profile in surfactant solutions. Also 

the molecular-kinetic model fails. We suppose that the arising Marangoni stresses should be 

taken into account because the expansion velocity increases in the first moments of the TPC line 

expansion. The time dependence of the expansion velocity U in an aqueous solution of SDS at 

concentration 210
-2 

mol/l is shown in Figure 7B.  

 

 

Fig.7. Average TPC expansion velocity for bubbles with diameters 0.70 mm, 0.74 mm and 0.85 

mm in pure water (detail A) and for bubbles with diameters 0.71 mm, 0.74 mm and 0.87 mm in 

aqueous solution of SDS at concentration 210
-2

 mol/l (detail B). 
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3.3 Bubble adhesion onto the solid surface in aqueous solutions of surface 

active agents 

 

In this section, I would like to mention in more detail the influence of the surfactant type and its 

purity on the dynamics of the bubble adhesion process. The stability and velocity of bubble 

attachment determines the effectiveness of the whole separation process in flotation. Thus both 

fast adhesion process and high contact angles are required. The TPC line dynamics could be 

influenced by the surfactant adhesion on solid-liquid, solid-gas, and liquid-gas interphases and 

also by the Marangoni flow along the bubble surface due to the changing surfactant 

concentration.  

Nonionic surfactants are electrically neutral. Some of the most important advantages can 

include a significantly lower sensitivity to the presence of electrolytes in the system, a reduced 

effect of solution pH, and the synthetic flexibility of the ability to design the required degree of 

solubility into the molecule by the careful control of the size of the hydrophilic group. This group 

encompasses a large number of synthetic chemicals of varied types and structures. In our study 

we used three non-ionic surface-active agents [54]: 

 (i) Terpineol; a monoterpene alcohol which is often used as a flotation frother, 

 (ii) Triton X-100, which has a hydrophilic polyethylene oxide chain (on average it has 9.5 

ethylene oxide units) and an aromatic hydrocarbon group. Triton is used as a detergent. 

 (iii) pentaethylene glycol monododecyl ether (referred to as C12E5), which is formed by 

dodecanol hydrocarbon group and five repeat units of ethylene glycol. 

 

 The results for the bubble adhesion in water and solutions of surfactant are illustrated in 

Figure 8. The ratio of the diameter of the TPC line against bubble diameter DTPC/Db is plotted 

against time. For the stable bubble attachment, this ratio should be high and the attachment time 

should be quick. In pure liquids, the ratio should be independent of the bubble size. 

 We confirmed that the bubble adhesion is fast in solutions of such surfactants, whose 

hydrophobic and hydrophilic parts are small. Due to the immediate transport of molecules onto 

the liquid-gas interface the decrease of surface tension is fast and also the small molecules do not 

significantly hinder the TPC line expansion. Terpineol seems like a typical representative of such 

a substance. The bubble attachment is stable even in solutions with higher concentrations (with 

lower surface tension) and therefore Terpineol can be recommended as a suitable flotation agent. 
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Fig. 8. The ratio DTPC/Db for bubble adhesion in water and surfactant solutions. 

 

In case of large or else complex molecules, an adsorption barrier preventing the monomer 

from adsorbing should be expected [64]. This barrier comes into existence in dilute solutions; 

then rises with increasing concentration and again changes close to the CMC concentration. The 

existence of such a barrier is often connected with some steric restraints on the molecule in the 

proximity of the interface because the molecules should be in the correct orientation. Unsuitable 

orientation could cause the molecule to diffuse back into the bulk rather than adsorbing. In 

accordance with this theory, we have shown that surfactants with long and flexible hydrophobic 

tails (pentaethylene glycol monododecyl ether, Triton X-100) exhibit slower and more complex 

behaviours. In general we can say that the bubble adhesion is very slow in solutions with 

surfactant concentration close to or above CMC. Simultaneously, the bubble interception is 

unstable. At lower concentrations, both the surfactant structure and bubble size play an important 

role.  We assume the existence of adsorption barriers close to the interfaces which influence the 

surfactant motion. Molecules of pentaethylene glycol monododecyl ether are very long and could 

create certain small aggregates captured on the phase interface. The transport of such molecules 
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is very low and thus, surprisingly, their influence on the velocity of TPC line expansion could be 

very low. Similar phenomena were not observed for Triton solutions. The explanation of the 

observed complex behaviour is far more speculative; but it is certain that non-ionic surfactants 

with long hydrophobic chains are unsuitable as flotation agents. 

 

Ionic surfactants are the largest group of surfactants used today with more than 75% of 

total worldwide consumption. Within the anionic group there are sulphate esters, sulfonic acid 

salts, carboxylate soaps and detergents, and phosphoric acid esters. The sulphate ester family is 

one of the most significant due to the sodium dodecyl sulphate (SDS); the most widely studied 

and used surfactant. Cationic surfactants are important in cosmetics as antiseptic agents, 

fungicides, germicides, fabric softeners, and hair conditioners. The sources of hydrophobic 

groups are mostly natural fatty acids or derivatives from petrochemical compounds; in all cases 

they contain nitrogen. One of the most studied cationic surfactants is dodecyltrimethylammonium 

bromide (DTAB). The ionic surfactants used both in industrial applications and in scientific 

studies, as a rule, contain some admixtures of non-ionic surfactants or other contaminants. The 

presence of contaminants has a dramatic effect not only on the surface properties [65], but also on 

shear viscosity and foam stability [28, 66, 67]. The co-adsorption leads to a significant decrease 

of the interfacial tensions, which influences the final contact angle. Thereby the bubble 

attachment efficiency lowers, which has a significant impact on the entire flotation process[53]. 

Dodecanol is the most important contaminant and is one of the most difficult to remove [68, 69]. 

Even at impurity levels below 0.1%, dodecanol reduces the surface tension and leads to the well-

known minimum below the critical micelle concentration. 

In our research group, we have analysed the influence of possible contaminants of ionic 

surfactants on the dynamics of bubble adhesion onto a hydrophobic surface [53]. Experiments 

were carried out in pure and technical grade solutions of cationic n-dodecyltrimethylammonium 

bromide (DTAB) and anionic sodium dodecyl sulphate (SDS). For pure, mono-component ionic 

surfactants, we observed a linear dependence between the surfactant concentration and bubble 

adhesion efficiency, which could be expressed by surface tension, bubble contact angle, or the 

TPC line diameter. The results are illustrated in Figures 9 and 10 in details A. The surfactants 

with lower purity are usually used both in industrial applications and experiments at the pilot 

level. Their common contaminant is dodecanol. On the basis of the measurement of dynamic 
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surface tension, we found that its concentration in the monolayer reaches a maximum below the 

CMC and in case of bubble lifetimes longer than few seconds, the contaminants are more surface 

active than the main component. The contaminants generally decrease the bubble adhesion 

efficiency when compared with the mono-surfactant solution. Their influence is crucial in the 

range 0.8 CMC to 1 CMC. Here, the surface tension is decreased below the value typical for 

CMC, the bubble contact angles are likewise lower and the velocity of TPC line expansion slows 

significantly. It may even happen that the capture of bubbles is avoided (see Fig. 9A).  

 

 

 

 Fig. 9.  The ratio DTPC/Db for bubble adhesion in SDS solutions. Detail A gives data for high 

purity SDS and detail B gives data for low purity sample. 

 

 

 
 

Fig. 10.  The ratio DTPC/Db for bubble adhesion in DTAB solutions. Detail A gives data for high 

purity DTAB and detail B gives data for low purity sample. 
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4 Bubble behaviour in aqueous solutions of simple alcohols  

The aqueous solutions of simple alcohols have been thoroughly investigated for decades 

by biologists, chemists, and engineers due to their exceptional practical importance in many 

industrial, biological, and pharmaceutical applications. Here, they are used most often as co-

solvents and co-surfactants. Ethanol, for example, is used as a density-lowering agent [8] or, in 

low concentrations, as a surfactant during the flotation process [70-73]. The aqueous solutions of 

methanol, ethanol, and propanol exhibit atypical physicochemical properties. Relatively well-

known is the volume reduction of the mixture in comparison to the volume in the “pure” alcohol 

or water states. From the chemical-engineering point of view, the maximum in viscosity–

composition dependence and lower wettability in comparison to common liquids have a much 

greater significance [74, 75]. Also other thermodynamic and transport properties, such as volume 

reduction of mixture, diffusion coefficient, surface tension, heat capacity, etc., vary significantly 

relative to the “pure” alcohol or water states as a result [76]. These peculiar properties result from 

the formation of organised microstructures in the non-ideal mixture at a molecular level [77, 78] 

because it leads to the formation of various microscopic pseudo-clathrate chainlike structures or 

even micelle like clusters in the surrounding water. The existence of this molecular organisation 

has been proved by several independent methods [77]. These structures can have an effect on the 

interfacial properties of liquid mixtures and may cause unpredictable anomalies in the behaviour 

of systems where the surface phenomena play an important role. The typical examples are the 

motion of dispersed fluid particles (bubbles, drops) through the carrying bulk liquid, 

hydrodynamic interactions between such particles (coalescence and breakup), and the behaviour 

of fluid particles at rigid surfaces (adhesion). Such situations commonly occur in many important 

technological processes and equipment (fermenters, adsorption columns, waste water treatment, 

flotation, etc.), which presents strong motivation for the research.  

If we look deeper into the molecular structure, we can recognise different regions which 

characterise the solution structure. At very low alcohol concentrations, water molecules 

completely surround the alkyl groups and undergo hydrophobic hydration. The formation of 

alcohol-water clusters is observed within a narrow range of concentration and above this 

“critical” concentration the number of clusters grows with increasing alcohol concentration. 

Takamuku [79, 80] investigated the microscopic structure using the method of X-ray diffraction 
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and mass spectroscopy and observed a structural change from a tetrahedral-like water network to 

chains of hydrogen bonded alcohol molecules occurring at methanol mole fraction of xM ≈ 0.3, 

ethanol mole fraction of xE ≈ 0.2 and at propanol mole fraction xP ≈ 0.1. Chodzinska [76] 

determined critical concentrations on the basis of the surface tension isotherms (the values of the 

mole fraction corresponding to the aggregation of methanol, ethanol, and propanol are equal to 

0.28, 0.17, and 0.07 respectively), while Takaizumi [80, 81] used the differential scanning 

calorimetry (molar fractions xM = 0.3, xE = 0.17 and xP = 0.1). Finally, in the alcohol-rich region, 

the water behaves as a solvent in the alcohol solution as there are no longer enough water 

molecules to form the strong cluster networks. 

In our research group, we explore the consequences of the atypical properties of water-

alcohol binary solutions on the behaviour of dispersed multiphase systems. Using the high-speed 

video camera, the terminal velocities of spherical bubbles were determined in water-ethanol and 

water-propanol mixtures covering the whole range of concentration, from pure water to pure 

alcohols. The corresponding drag coefficients were calculated and used to assess the mobility 

state of the bubbles’ interface. As an example, results for a bubble having diameter 0.6 mm are 

illustrated in the Figure 11. 

 

 

Fig. 11.  Terminal bubble velocity as a function of ethanol (left) and propanol (right) 

concentration. The full line () represents the calculated velocity for mobile bubble surface. The 

dashed line ( ) represents the calculated velocity for immobile bubble surface. 
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In this picture, experimental terminal bubble velocity is plotted as a function of ethanol or 

propanol concentration. Limit values are curves for bubbles with mobile and immobile surfaces. 

The upper full line represents the calculated velocity for mobile bubble surface and the lower 

dashed line represents the calculated velocity for immobile (contaminated) bubble surface. A 

decrease in bubble velocity for the alcohol concentration of about 30% is due to the increase in 

viscosity.  Firstly, a substantial decrease in terminal rise velocity with only a small addition of 

alcohol is visible. At a molar fraction of 0.01 for ethanol and 0.003 for propanol, the velocity 

observed was almost that predicted for a bubble with fully immobile interface. This is due to 

surfactant-like behaviour of the alcohol molecules, restricting the mobility of the surface and 

retarding the motion of the bubble. With increasing alcohol content, the velocity unexpectedly 

increases. For ethanol, this observation can be made between molar fractions of 0.05 ≤ xE ≤ 0.10. 

An even more pronounced trend was observed for propanol in the range 0.005 ≤ xP ≤ 0.07. Above 

molar concentrations of xE = 0.15 and xP = 0.07, the bubble velocity closely matches the 

predictions for a fully mobile bubble surface. 

The behaviour across the full composition range is rather complex, with a clear gradual 

transition between a completely immobilised bubble surface at low concentrations and a fully 

mobilised surface at concentrations above the critical aggregation concentration. Based on the 

alcohol concentration we can divide  the aqueous solution of simple alcohols into 3 regions [74]:  

i) mixtures with very low alcohol content. At low concentrations (xE  0.01, xP  0.005), 

the mixtures behave as solutions containing surface active agents. Alcohol molecules that are 

present in the solution diffuse very quickly onto the phase interface and adsorb onto the surface 

of the bubble, thus increasing the shear stress and drag. The concentration of alcohol in the 

interface layer is higher than in bulk and thus the interface behaviour is changed. We can observe 

a significant decrease in surface tension, but the properties of the bulk liquid (density, viscosity) 

are still relatively consistent. The drag coefficient is well approximated by the behaviour of a 

solid particle with no-slip boundary condition for the liquid flow. Overall, it can be summarised 

that simple alcohols acting as surface active agents exhibit the maximum surface effect at very 

low concentrations. For propanol, we found this maximum between molar fractions of 0.001 to 

0.005. For ethanol, the maximum was observed between molar fractions from 0.005 to 0.01.  

ii) mixtures with medium alcohol content (0.01  xE  0.20, 0.005 xP  0.07). In this 

region, the behaviour of the mixture varies significantly with the changing alcohol concentration. 
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Micro-aggregates have not begun to form but the molecular bonds between alcohol and water are 

changing. The viscosity increases and also the concentration gradient reduces in conjunction with 

the gradient of surface tension. The surface tension gradient is balanced by the decreasing shear 

stress exerted on the bubble surface by the liquid. In summary, the desorption of alcohol 

molecules from the phase interface is facilitated, which in-turn reduces the drag force and 

subsequently causes an increase in terminal rising velocity. Due to the changing concentration 

and surface tension gradients, the drag coefficient decreases.  

iii) mixtures with high alcohol content. Above xE  0.20 and xP  0.07, the properties of 

the mixtures are influenced by the existence of clusters or micro-aggregates. In this region, in 

which alcohol and water molecules form complete and stable clusters within the solution, the 

liquid flow exerts very low shear due to the minimal gradient of surface tension. The aqueous 

solutions of simple alcohols behave like pseudo-pure substances and the bubble surface is shown 

to be completely mobile.  

 

5  Conclusions  

This habilitation thesis introduces the reader into the world of bubble-particle interactions 

in the flotation of plastics.  The worldwide high demand for plastics means a high production rate 

and, simultaneously, a high amount of waste. Nowadays, many researches are invested in 

developing new methods for the separation of waste plastics. One method for separation of 

plastics utilises flotation, an already proven efficient separation method in mineral processing. At 

present, the possibilities of separating individual types of plastics, as well as the mechanisms of 

interaction of bubbles and solids in flotation, are studied. This habilitation thesis reflects this 

trend to a large extent. 

The first part of this thesis summarises the basic principles of flotation of plastic. The 

differences between mineral (classical) and plastic flotation are described and the utilisation of 

various flotation agents is discussed. The second part is focused on the bubble-particle 

interactions. The description of the collision process focuses in detail on the case of a falling 

spherical particle and a rising spherical bubble. It was proved that the collision efficiency in 

plastic flotation is controlled mostly by the buoyancy of the bubbles. Furthermore, adhesion of 
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the bubbles to the hydrophobic surface is studied because the plastics are also hydrophobic. This 

chapter is specifically focused on the influence of surface active agents on adhesion efficiency, 

with emphasis on the type and purity of these agents. The last part of the habilitation thesis is 

devoted to the dynamics of bubbles in solutions of simple alcohols, which show a number of 

atypical properties due to their organised molecular structure. 
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Abstract

The fundamental flotation process is the formation of a flocculant by air bubbles and solid particles in an aqueous solution. The
of plastic particles is significantly influenced by the wettability of the plastics. In this article the reciprocal relationship between the flty
and wettability of polystyrene was studied at different concentrations of flotation agents, particularly terpineol, polyethylene glycol
ether, tannic acid, and calcium lignosulfonate. The conclusions obtained demonstrate the dissimilar action of flotation depress
means different adhesion mechanisms on a plastic surface.
 2005 Elsevier Inc. All rights reserved.
Keywords:Plastics flotation; Contact angle; Surface tension; Polystyrene
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1. Introduction

The study of fundamental impact of flotation agents
gan with the first flotation experiments in the 19th centu
First mineral ores and coal were separated using flota
methods; in later decades waste water has been cle
and mixtures of plastics have been separated using sim
principles. The reagents employed in flotation are gener
interfacial surface tension modifiers, surface chemistry m
ifiers, and flocculants. Usually they are classified under
headings: collectors (sometimes known as flotation prom
ers), frothers, modifiers, activators, and depressors[1]. In
this article attention is paid to two basic types of agent
frothers and depressors. Frothers are surface-active rea
that aid in the formation and stabilization of air-induc
flotation froth. The commonly employed frothing agents
alcohols, which are only slightly soluble in water, and m
modern frothers, which are generally varieties of polyeth
or polyglycol ethers that are completely miscible with w
* Corresponding author. Fax: +420-233-337-335.
E-mail address:pavlina.basarova@vscht.cz(P. Basǎrová).

0021-9797/$ – see front matter 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2005.01.016
d

ts

ter. Collectors and also depressors, which are more spe
are reagents that coat or react with particle surfaces
make them water-repellent or attachable to air bubbles.
pressors assist in separation when the flotability of two
more substances is too similar for a particular collecto
effect a separation and increase wettability of one type
the particles. We recognize inorganic and organic dep
sors; organic depressors are large molecules, usually
a molecular weight above 10,000. The natural products
generally polysaccharides, while new synthetic depres
include polyglycol ethers and polyphenols.

Macromolecular depressants are widely used for s
pressing flotation of naturally hydrophobic materials. D
to the close analogy between naturally flotable minerals
plastics with regard to flotation, such reagents have b
tested in flotation research. Polymers used in practical
plications are mostly polydisperse. This reflects the flota
agent’s being a mixture of polymer molecules of vario
chain lengths. It is presumed that longer chains will gr

ually displace shorter ones from the solid surface when the
agent concentration is heightened, and thus the total num-
ber of long chains will increase. At a given concentration,

http://www.elsevier.com/locate/jcis
mailto:pavlina.basarova@vscht.cz
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preferably long chains will be on the surface while the sh
ones remain in solution[2]. Therefore, the depressor co
centration plays a significant role in the flotation process

2. Experimental materials and methods

2.1. Materials

The standard polystyrene (GP-PS) used for the exp
ments originated from the Stirol company (Ukraine) and w
obtained from a local agent under the trademark Stirol 1
According to the manufacturer this material is free fro
additives and its melting index is 12 g/10 min. The parti-
cle diameter was about 4 mm and the density 993 kg/m3.
For the measurement of surface tension and contact a
distilled water was used; for the measurement of flota
recovery and wettability tap water was used. pH was
conductivity 47.6 mS/m, and ionic strength 12.3 mmol/l.

The agents used for flotation experiments included
frothers terpineol and polyethylene glycol dodecyl et
(also called Brij 30) from the Fluka company and the w
ting agents tannic acid and calcium lignosulfonate supp
by Penta Prague and Sigma-Aldrich, respectively. T
CAS numbers, molecular formulae, and molecular weig
and the calcium concentration in calcium lignosulfonate
listed inTable 1.

2.2. Surface tension and contact angle measurements

The surface tensions of water and solutions of flota
agents were measured using the semistatic ring me
A LAUDA TD1 tensiometer with outer thermostating of th
measuring vessel was used. During all experiments a
stant temperature of 25◦C was maintained.

The contact angles were measured by a direct met
monitoring the drop profile on a smooth flat surface, rep
sented here by a polystyrene foil. The method is base
the following principle: an illuminated drop, in particular i
contact point with the solid surface, is monitored under a
croscope with sufficient enlargement and scanned by a v
camera and its signal is processed by a computer. The
tact angles were evaluated by the Image Tool program.

PS-coated surfaces were prepared by a solvent-casting tech

10 18
Tannic acid 1401-55-4 C76H52O4
Polyethylene glycol dodecyl ether 9002-92-0 C20H42O5
Interface Science 286 (2005) 333–338

s
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,

-

form had evaporated, a thin but very compact and even l
of plastics was formed.

2.3. Flotation experiments

The flotation experiments were performed on a labo
tory flotator of Denver type with vessel content 1.4 L. T
weight was always 100 g and tap water was used for the
periments. The flotation time was 10 min. The recovery
the end of a flotation test was determined by weighing
particles collected in the outgoing phase. The percentag
covery corresponds to the mean value of three tests.

3. Results and discussion

3.1. Surface tension

Initially the surface tensions of distilled and tap wa
were measured. For distilled water a value of 71.9 mN/m
was obtained at 25◦C, which is in good agreement with th
literature data (71.97 mN/m [3] and 72.1 mN/m [4]). The
surface tension of tap water at the same temperature
72.0 mN/m. From the above value it is obvious that on
mineral substances without surfactants were dissolved in
tap water. Therefore, for surface tension and contact a
measurements, distilled water was used, and tap water
used for flotation experiments.

The concentration dependence of surface tension
measured in solutions of four flotation agents. InTable 2re-
sults are shown as average values of three measurem
From these data it is obvious that the solutions of
frothers, in particular polyethylene glycol dodecyl eth
have the greatest influence on the value of the surface
sion. Polyethylene glycol dodecyl ether, often used as a
strong surfactant, decreased the surface tension by
then 50%. On the other hand, the wetting agents do
change the surface tension of the solution, what corresp
to their physical nature.

3.2. Contact angles

In the presence of air bubbles the behavior of the p
tic particles is significantly influenced by the wettability

-the plastics. If a drop of liquid (water) is placed on a smooth

in-
and

t)
nique; the plastic granules were dissolved in chloroform and
the solution was infused on a microscope glass. After chloro-

solid surface it takes a specific shape due to solid–liquid
teractions. This configuration has minimum free energy

Table 1
CAS number, molecular formula, and molecular weight of flotation agents

CAS number Molecular formula Molecular weight
(g/mol)

Notes

Calcium lignosulfonate 8061-52-7 C115H132O40SCa (approx.) 2225 (aver.) 5% Ca (w
Terpineol 8006-39-1 C H O 154.25
6 1701.23
362 (aver.)
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Table 2
Surface tensions of solutions of flotation agents (temperature 25◦C) and their concentration dependence

Calcium lignosulfonate
Concentration (mg/l) 10.0 20.0 30.0 50.0 70.0 100.0
Surface tension (mN/m) 71.2 71.0 71.2 71.5 71.5 71.6

Terpineol
Concentration (mg/l) 19.8 29.2 31.6 50.0 78.4
Surface tension (mN/m) 71.1 69.8 69.9 69.1 68.0

Tannic acid
Concentration (mg/l) 10.0 20.0 50.0 70.0
Surface tension (mN/m) 71.9 71.7 71.6 71.6

Polyethylene glycol dodecyl ether
Concentration (mg/l) 10.0 21.2 30.6 50.0 70.0 100.0
Surface tension (mN/m) 36.4 31.6 30.7 30.2 29.0 28.3

Table 3
Experimental contact angles for solutions of flotation agents at various concentrations

Flotation agent Contact angle (◦)

7.9 mg/l 20 mg/l 30 mg/l 50 mg/l 100 mg/l 200 mg/l

Calcium lignosulfonate 82 80 77 77
Tannic acid 81 79 79
eting
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Terpineol 84
Polyethylene dodecyl glycol ether 48

the contact angle is, therefore, a measure of the comp
tendencies of the drop to spread. It is beneficial to kn
about the influence of the flotation agent on the wettab
of plastics to set its optimal concentration. First, the con
angles were measured with both distilled and tap wate
both cases the average value was 84◦ and shows no differ
ence in wettability when using distilled or tap water. Wh
these data are compared with the published results (90◦ [5],
91◦ [6,7], 86◦ [2], 88◦ [8]), it is necessary to consider th
most authors do not specify the exact plastic type. S
dard (GP) and high-impact (HI) polystyrene differ in th
properties, e.g., in density (990 and 1030 kg/m3) [9]. Also,
different components are often added to plastics during
dustrial production, which may influence the properties
the plastics, such as wettability. This might explain the
ference in the wettability of polystyrene. Polystyrene ex
in a number of modifications with contact angles differi
by up to 10◦.

Contact angles measured at different concentration
flotation agents are given inTable 3. The wetting agents
tannic acid and calcium lignosulfonate, decrease the
tact angle by up to 7◦ and cause higher wettability o
polystyrene. Very interesting is the behavior of polyethyle
glycol dodecyl ether, which is extensively used as a deter
and a wetting and emulsifying agent. Polyethylene gly
dodecyl ether combines properties of frothers and wet
agents, strongly decreases the surface tension of the
tion liquid, forming a compact foam (frother), and, at t

same time, increases the wettability of polystyrene. Already
at a concentration of 20 mg/l the contact angle is 48◦ and the
wettability increases additionally at higher concentrations.
84

-

Unfortunately, it was not possible to measure small con
angles using the method mentioned above.

3.3. Flotation

The flotation recovery was measured in tap water an
solutions of flotation agents. Here, the recovery is defi
as a ratio of a component separated from the flotation ve
to the original amount of this component at the beginn
of the experiment. The results are listed inTable 4. Fig. 1
demonstrates the concentration dependence of surface
sion, contact angle, and flotation recovery for each flota
agent.

The plastics surfaces are made up of low-energy org
compounds and some polymers, including polystyrene,
tain no polar groups. Different authors have suggested
ious mechanisms for the adsorption of reagents on plas
Most popular is the model proposed by Fraunholz[2,10]:
The adsorption of depressants on plastics is mainly drive
physisorption. The interaction forces include hydropho
interactions and electrostatic forces. Further, zeta-pote
measurements indicate nonselective adsorption of su
tants. The cations have a profound influence on the
sorption of polyelectrolytes, mainly because they reduce
repulsion between the charged segments, which facilit
adsorption. The adsorption mechanism can be considere
a microscopic scale as well[11]. The solid surface can b
divided into very small segments, which represent homo

neous areas with respect to their wettability. The wettability
is here determined by the polarity of the molecule groups
that dominate the segment. Thus, the wettability of a micro-
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Table 4
Flotation recovery of polystyrene in solutions of flotation agents and its concentration dependence

Flotation agent Flotation recovery (%)

0 mg/l 20 mg/l 40 mg/l 60 mg/l 80 mg/l 100 mg/l

Calcium lignosulfonate 98.1 12.2 5.2 7.7 4.4 5.8
Tannic acid 98.1 79.4 29.7 18.9 10.9 2.0
Terpineol 98.1 100 100 100 100 100
Polyethylene dodecyl glycol ether 98.1 100 100 98.8 62.4 40.5
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Fig. 1. The concentration dependence of surface tension, wettability
glycol dodecyl ether, calcium lignosulfonate, and tannic acid.

scopic surface is determined by the ratio of hydrophilic
hydrophobic segments. A molecule of polystyrene does
incorporate any polar groups; it includes only a hydrop
bic aromatic ring, connected to the carbon chain. From
point of view the adsorption mechanism should be sim
and both the wettability and the flotability depend in the fi
place on the concentration of the flotation agents.

The aim of this article is the study of the mutual re
tionship between the flotability and wettability of plasti
(specifically polystyrene) at different concentrations of flo
tion agents. Frothers, supporting the foam production
stability, play a significant role during the flotation proce
A frother terpineol belongs to the most simple and co
monly used type of nonionic surfactants. The experime

confirmed that this reagent does not influence the wettabil-
ity of polystyrene. Its aqueous solution has a surface tension
lower than that of water; it foams easily and contributes to
flotation recovery of polystyrene for the flotation agents terpineol, poethylene

the high flotability of each plastic, including polystyren
The influence of TEGD ether is more complicated. T
compound contains a large, highly hydrophilic polar gro
and a long hydrocarbon chain and belongs to the grou
nonionic surfactants. It is strongly surface-active and acc
ing to the literature[12] as well as our own experiment
data it can be concluded that in the concentration range
30 mg/l the formation of micelles takes place. At low
concentrations (up to 20 mg/l) the surface tension decreas
significantly (31.4 mN/m) and the frothing effect domi
nates. In contrast, at higher concentrations, the pres
of this surfactant increases the wettability, which leads
decrease of the flotation recovery. According to visual ob
vations the solution with a concentration of 60 mg/l wets the

polystyrene surface practically completely. The strong de-
pressant effect should be the outcome of the reduced liquid
surface tension[2]. However, the flotability of polystyrene
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decreases at markedly higher concentrations than wett
ity or surface tension do.

Macromolecular depressants are widely used to supp
flotation of naturally hydrophobic materials. However, t
adsorption mechanism for these compounds is not fully
ident. The present work has studied the behavior of
depressants—calcium lignosulfonate, which counts am
polyelectrolytes, and tannic acid, a macromolecular n
ionic depressant. The simplest model of wetting agent
havior assumes that contact angle decrease implies l
flotability. Comparing experimental data measured for c
cium lignosulfonate and tannic acid, we found the presu
tion to be invalid. The flotability of tannic acid decreases l
early with increasing concentration and the recovery rea
only 2% at the concentration 100 mg/l. In contrast, the flota
bility of calcium lignosulfonate sharply decreases alre
at a concentration of 20 mg/l and, furthermore, at highe
concentrations the recovery does not change (average
From experimental data it can be deduced that there
certain difference in the adsorption mechanisms of th
two agents. Adsorption of both types of depressants oc
only if the repulsion between molecular segments is su
ciently attenuated by counterions[2]. Adsorption behavior
of lignosulfonates (anionic polyelectrolytes) was studied
detail. It was found[13] that the action of lignosulfonat
cations is dominant (Na+, NH+

4 , Ca2+) and the addition
of bivalent cations, especially Ca2+, amplifies the depres
sion. The authors recommend the use of tap water bec
of its higher mineral content in comparison with distill
water. The Ca2+ ion, because of its two positive charge
is presumed to play the role of a bridge between the pla
surface and lignosulfonate. Tannic acid, which is a nonio
agent, contains two types of molecular groups capable o
sorbing on a surface—carboxyl and phenolic groups. It
found[14] that only one type of phenolic group is active.
is an undissociated radical containing an aromatic ring w
three hydroxyl groups.

Analogous data on flotability of plastics as a functi
of the concentration of various depressants can be fo
in the literature. In the case of polyethylene terephtha
(PET) [10], tannic acid shows a distinct depressing eff
(at a concentration of 0.1 g/l the flotability is about 20%
whereas for sodium lignosulfate, which is similar to calciu
lignosulfonate, it is 60%). In contrast, in the case of po
carbonates (PC)[15], it is sodium lignosulfonate that has
noticeable depressing effect (at a concentration of 0.1/l
the flotability of PC is about 20%, whereas in the pr
ence of tannic acid it reaches 90%). The comparison of
structure of these three polymers (PS, PET, and PC) l
to the assumption that macromolecular depressants o
polyelectrolyte type adsorb more quickly on such polyme
which do not contain oxygen molecules in their structur

The adsorption of the depressant is then enabled by the pres
ence of ions such as Ca2+ and Na+. On the other hand,
the nonionic macromolecular depressants (especially tannic
Interface Science 286 (2005) 333–338 337

r

.

e

acid) are more easily bound by polymers containing oxy
molecules.

4. Conclusions

In this article the reciprocal relationship between
flotability and wettability of plastics (specifically poly
styrene) was studied at different concentrations of flota
agents. Terpineol, as a representative of the simplest
of frothers, does not affect the plastic wettability, and
presence especially influences the properties of the fl
tion solution. The agent polyethylene glycol dodecyl eth
formally assigned to frothers due to high surface activity,
hances the wettability of polystyrene considerably and ab
a concentration of 60 mg/l decreases the flotability. Th
flotability of polystyrene, however, is lowered at marked
higher concentrations than the wettability or surface tens
This behavior will be the object of further studies.

The curves representing the dependence of polysty
wettability on the concentrations of tannic acid and calci
lignosulfonate have similar shapes, whereas the curves
scribing the concentration dependence of flotability dive
completely. On one hand, the addition of calcium lign
sulfonate already leads to a considerable decrease o
flotability at a low concentration of this agent; on the oth
hand, the flotability of polystyrene decreases almost
early with increasing concentration of tannic acid. Th
conclusions demonstrate the difference in the adsorp
mechanisms of the two agents. Macromolecular depress
of the polyelectrolyte type adsorb more quickly on su
polymers, which do not contain oxygen molecules in th
structures. The adsorption of the depressant is then ena
by the presence of ions such as Ca2+ and Na+. On the other
hand, the nonionic macromolecular depressants (espec
tannic acid) are more easily bound by polymers contain
oxygen molecules.
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1. Introduction

The formation of bubble–particle aggregates, caused by bubble–
particle interaction, is a fundamental process occurring in many
industrial applications. Flotation is one of the most important examples
of such a process. Originally developed in themining industry to recover
valuable minerals from mined ores, flotation employs air bubbles as
carriers to recoverhydrophobic entities fromcomplex slurries. Due to its
high separation efficiency, cost effectiveness and simplicity of operation
and maintenance, flotation has been extended to other industries
utilising solid–solid and solid–liquid separation processes. Such pro-
cesses include: bitumen recovery from oil sands; the de-inking of
recycled paper pulp; de-oiling in heavy oil exploration; the removal of
fine solids in industrial and domestic water treatment; the treatment of
multiphase toxic effluents in the chemical and mining industries; and,
plastics separation and recycling. The use of flotation in plastics
separation has grown in line with the need to recycle plastics (e.g.
Shent et al., 1999; Dodbiba and Fujita, 2004). However, most previous
studies have been based on the needs of mineral flotation, and,
consequently, have focused on particles that were much smaller than
the bubbles. There is a fundamental difference in the interaction
betweenplastics particles andbubbles in plasticflotation. The size of the
plastic particles is measured in millimetres and, thus, the floating
aggregate is usually formed by one particle and a number of adhered
bubbles. Inmineral flotation the floating aggregate is usually formed by
onebubble and anumberof adheredparticles. Ourwork contributes to a
better understanding of the bubble–particle interaction process when
the particle is larger than the bubble. A stationary spherical particle was
chosen as a model particle imitating plastic material. We focussed only
on the collision process between this stationary particle and one raising
bubble; here bubble and particle sizes play themost important role in all
calculations. A methodological description of such collision process is
followed by experimental results, which are then compared with those
obtained by theoretical models of mineral flotation.

2. Bubble–particle interaction theory

An identicalmechanismofbubble–particle interaction canbeassumed
for both types of flotation (mineral flotation with Dp/Dbb1; plastics
flotation with Dp/DbN1; here Dp and Db are the particle and bubble
diameters, resp.). For efficient bubble–particle capture, a sufficiently close
encounter is required. The process is initially controlled by the
hydrodynamics governing bubble–particle approach in the liquid phase.
As the particle and bubble come closer, the influence of intermolecular
and interfacial forces increases. The liquid film between the bubble and
particle surfaces begins to drain away, causing the film to rupture. The
three-phase (air–water–particle) contact line becomes larger until a
stablewetting perimeter is established, and, at this point, a stable bubble–
particle aggregate is formed. This bubble–particle interaction process is
usually described as consisting of a sequence of three discrete steps
(Derjaguin and Dukhin, 1960; Nguyen et al., 1997; Ralston et al., 1999;

mailto:pavlina.basarova@vscht.cz
http://dx.doi.org/10.1016/j.minpro.2009.11.004
http://www.sciencedirect.com/science/journal/03017516


Fig. 1. Scheme of bubble–particle interaction process. A — single rising bubble and small
falling particle; B— small risingbubbleand large stationaryparticle.Grazing trajectorywith
radius Rc, maximum initial angle φ0,max and maximum collision angle φc,max are denoted.
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Ralston et al., 2002; Nguyen and Schulze, 2004): (i) collision— approach
of the bubble and the particle to the contact distance; (ii) attachment —
adhesion of the particle to the bubble surface when the particle is
smallerRESS than the bubble, or adhesion of the bubble to the particle
surface when the bubble is smaller than the particle. The attachment
process begins with the drainage and rupture of the liquid film, and
continueswith contact linemovement; (iii) stability— detachment of the
bubble from the particle surface occurs when the bubble–particle
aggregate is unstable.

In mineral flotation, particle motion around a rising bubble is
commonly considered as motion around a spherical body with
rotational symmetry in the gravitational direction. To describe liquid
flow around an air bubble it is convenient to choose an axisymmetrical
(polar spherical) coordinate system and a three-dimensional (3D)
analysis of bubble–particle interaction is often simplified into a two-
dimensional (2D) analysis. The liquid flow around bubbles typically
used in flotation is fore-and-aft asymmetric (Nguyen, 1999), and
strongly affects the encounter and attachment mechanisms. Due to the
asymmetry of liquid flow, small particles can be pushed away from the
bubble surface despite the fact that the distance of such particles from
the bubble vertical axis is less than the bubble radius. The critical
trajectory, known as the grazing trajectory, distinguishes the trajecto-
ries of particles that encounter the bubble from the trajectories of those
that do not, and is characterized by the critical radius Rc and the critical
collision angle φc,max. Here, the polar angle φ is measured at the bubble
centre and from the front stagnation bubble point. The typical schemeof
bubble–particle interaction in mineral flotation is illustrated in Fig. 1A.
Bubble–particle interaction in plastics flotation, in which the particle is
larger than the bubble, is described in Fig. 1B. The bubble grazing
trajectory (grazing radius Rc) restricts the collision area within which a
bubble collideswith a particle. Here, the polar angleφ ismeasured at the
particle centre and from the particle vertical bottom half-axis.

2.1. Bubble motion in an aqueous solution of a surface-active agent

The hydrodynamic field around amoving bubble in stagnant liquid
can be described using the Navier–Stokes equations (e.g. Nguyen,
1999), any solution of which must satisfy all boundary conditions at
the bubble surface. A general analytical solution does not exist, but it
is possible to solve these equations in two extreme cases: for small
bubbles (Reb1, Stokes conditions); for large bubbles (Re≫1,
potential conditions). The Reynolds number (Re) is defined as

Re = ρlUbDb = ηl ð1Þ

Here, ρl and ηl are the liquid density and dynamic viscosity; Db and
Ub are the bubble diameter and bubble rise velocity, respectively. At
small Reynolds numbers, the bubble rise velocity is given by the
Stokes equation:

Ub;Stokes =
2R2

bgðρl−ρbÞ
9ηl

: ð2Þ

Here the bubble has an immobile surface and its velocity is the
same as that of a solid sphere. The drag coefficient CD is well
correlated to the Reynolds number (Clift et al., 1978; Michaelides,
2006) by the function:

CD = 24 = Re: ð3Þ

Forbubbleswithadiameterofmore than0.2 mm, thepropertiesof the
liquid medium play an important role. Since the mechanism was first
described by Frumkin and Levich (1947) and Levich (1962), the impact of
surfactants on velocity reduction has been well documented (Clift et al.,
1978; Dukhin et al., 1998;Michaelides, 2006; Nguyen and Schulze, 2004).
Themotion of bubbles in a liquid is influencedby the kinetics of surfactant
transport. The surfactant concentration varies along the surface of a
bubble, reaching its maximum level at the rear stagnation point and its
minimum level at the front stagnation point. During bubble rise in a
surfactant solution, surface contamination often creates an immobile cap
on the rear surface around the stagnation point,while the front part of the
bubble surface remains mobile. When this happens the front part of the
bubble becomes stretched, and the rear part becomes compressed. Due to
the gradient of the surfactant concentration, a gradient exists along the
bubble surface at the interface between the bubble and liquid. This
gradient retards the surface of the bubble, and strongly affects the local
stress balance at the bubble–liquid interface. Therefore, the drag on a
bubble in a surfactant solution is less than that on a solid particle, but
greater than that on a bubble in pure water. As the use of non-linear
Navier–Stokes equations makes it very difficult to achieve an analytical
solution in the case of intermediate Reynolds numbers, empirical models
are often used to predict bubble rise velocity.

Nguyen and Schulze (2004) recommended two types of semi-
empirical equations, depending on the value of the Reynolds number.
For small bubbles in contaminated water, the bubble shape is spherical
and thedrag coefficient corresponds to that of solid particles. Thebubble
terminal velocity Ub thus given is:

Ub = Ub;Stokes = 1 +
Ar = 96

ð1 + 0:079ArÞ0:755
� �

: ð4Þ
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In this equation, Ub,Stokes is the bubble velocity predicted by
Stokes's law (Eq. (2)) and Ar is an Archimedes number defined as

Ar =
gρlðρl−ρbÞD3

b

η2
l

: ð5Þ

Here, ρb is the air density and g is the coefficient of gravity
acceleration. The drag coefficient CD for a bubble in contaminated
water starts to deviate from the standard curve at approximately
Re=130. When bubble shape is taken into account the drag
coefficient CD is found to be almost constant (CD=0.95).

Karamanev and Nikolov (Karamanev and Nikolov, 1992; Karama-
nev, 1994) formulated a semi-analytical equation linking bubble rise
velocity to bubble shape:

Ub =
8g

6
2=3π

1=3CD

 !1
=2

V
1
=6

b ⋅aT⋅Ta
bT : ð6Þ

In this equation, Vb is the bubble volume and the drag coefficient
CD is calculated using the correlation of the drag coefficient for light
particles where Reb130:

CD =
24ð1 + 0:173Re0:657Þ

Re
+

0:413
1 + 16300Re−1:09 ð7Þ

where ReN130, CD=0.95. The Tadaki number (Ta) is relative to the
Reynolds Re and Morton Mo numbers (Nguyen and Schulze, 2004):

Ta = ReðMoÞ0:23; ð8Þ

Mo =
gη4

l

ρlσ
3 : ð9Þ

The empirical constants aT and bT (Eq. (6)) are calculated with
respect to bubble shape (Nguyen and Schulze, 2004): for a spherical
bubble (Ta≤2), aT=1 and bT=0; for an ellipsoidal bubble
(2≤Ta≤6), aT=1.14 and bT=−0.176. The liquid surface tension is
denoted as σ.

2.2. Collision efficiency in mineral flotation and plastics flotation

To simulate and analyse the whole bubble–particle interaction
process, the effectiveness of such a process should be evaluated.
Assuming that collision and attachment are independent sub-
processes (Derjaguin and Dukhin, 1960), it is possible to simplify
the calculation of the effectiveness of the whole bubble–particle
interaction process by calculating the efficiency of each individual
step. Focusing only on the collision process in mineral flotation, the
collision efficiency Ec was defined as the ratio of the actual number of
particles participating in the collision process per unit time Ncr to the
ideal number of particles Nci (Wang et al., 2003; Nguyen and Schulze,
2004). This can be described mathematically as follows:

Ec =
Ncr

Nci
ð10Þ

Experimental collision efficiency is most frequently determined
from the particle grazing trajectory (radius Rc, see Fig. 1A), which
distinguishes the trajectories of particles that encounter the bubble
from the trajectories of those that do not. Based on a simple geometric
interpretation of the grazing trajectory, one can obtain the following
simple relation for bubble–particle collision efficiency (Nguyen and
Schulze, 2004):

Ec =
Rc

Rp + Rb

( )2

= sin2ðφo;maxÞ: ð11Þ

Here φ0,max is the initial angle corresponding to the grazing
trajectory. Having determined the grazing trajectory, it is then a
relatively simple matter to use this relation to calculate collision
efficiency. Taking into account thegeometrical interpretation of bubble–
particle interaction for DpNDb, (illustrated in Fig. 1B), it is also possible
to use Eq. (11) to calculate collision efficiency in plastics flotation.

2.3. Collision efficiency models used in mineral flotation

The estimation of collision efficiency has been the focus of many
published theories. Recently, Dai et al. (2000) presented a critical
review of various models used for the purposes of mineral flotation.
Therefore, only a short review is given here. Sutherland (1948)
developed the first collision model, deriving Ec from fluid stream
function by assuming an inertialess particle, unretarded bubble
surface and potential fluid flow regime. For conditions of mobile
bubble surfaces, the Dukhin (GSE) model is considered to be one of
themost comprehensive models (Dukhin et al., 1995; Dai et al., 2000).

In most collision models, attention has been focused on bubbles
with an immobile surface. This retardation is caused by tap water
impurities and surface-active agents added during industrial flotation
processes. Schulze (1989) proposed that bubble–particle collision
results from the combination of three different effects, interceptional,
gravitational and inertial, and thus derived a simple relation for the
collision angle of the grazing trajectory (φc,max):

φc;max = 78:1−7:37 logRe for 20bReb400 ð12aÞ

φc;max = 85:5−12:49 logRe for 1bReb20 ð12bÞ

φc;max = 85:0−2:50 logRe for 0:1bReb1: ð12cÞ

Nguyen (1994) employed numerical methods for Ec calculation. In
the derivation the following assumptions were made. Firstly, that
bubble–particle collision is controlled by long-range hydrodynamic
and gravitational forces. Secondly, that the distance between the
particle and the bubble is negligible in comparison with their sizes.
Thirdly, that the bubble behaves as a rigid sphere and, thus, the bubble
surface is completely immobile. Finally, that bubble motion is
unaffected by particles. Collision efficiency could, therefore, be
expressed as:

Ec =
2UbD

9ðUb + UpÞY
Dp

Db

� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðX + CÞ2 + 3Y2

q
+ 2ðX + CÞ

� �2
; ð13Þ

where Ub and Up denote the bubble rise velocity and particle settling
velocity respectively; Ub+Up expressing the approaching (relative)
velocity between a bubble and particles. The dimensionless para-
meters X, Y, C and D are dependent on the bubble Reynolds number
and are given by:

X =
3
2

+
9Re

32 + 9:888Re0:694
ð14aÞ

Y =
3Re

8 + 1:736Re0:518
ð14bÞ

C =
Up

Ub

Db

Dp

 !2

ð14cÞ
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D =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðX + CÞ2 + 3Y2

q
−ðX + CÞ

3Y
: ð14dÞ

Thus, the maximum collision angle may be predicted by

φc;max = arccosðDÞ: ð15Þ
Recently, Sarrot et al. (2005) published a new model for the

calculation of collision efficiency that takes into account the effect of
bubble surface contamination. The “stagnant cap” model was used,
with the resulting bubble surface contamination being characterized
via the angle θcap. The surfactant-free bubble surface (θbθcap) moves
with the liquid (mobile surface) while the contaminated zone
(θNθcap) behaves as a “stagnant cap” (immobile surface). According
to this model, θcap=180° for bubbles with a mobile surface and
θcap=0° for bubbles with an immobile surface. The maximum
collision angle may be then predicted by the dimensionless
parameters X and Y which are determined by the bubble Reynolds
number Re and the angle of contamination θcap.

cosφc;max =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 + 3Y2

p
−X

3Y
ð16Þ

X = k1

15 + 3 Re
.
k3

� �0:75

15 + Re
.
k3

� �0:75

2
6664

3
7775
k2

ð17Þ

Y =
0:095Re

1 + 0:045Re4=3
: ð18Þ

The parameters k1, k2 and k3 are given as:

k1 = 2
sin3ðθcap = 2Þ

1 + sin6ðθcap = 2Þ
ð19aÞ

k2 = 1 +
8

3ð1− sinðθcap =2ÞÞ3=2
ð19bÞ
Fig. 2. Schematic of expe
k3 =
π
3
1− cosðθcapÞ

θcap
+

1 + cosðθcapÞ
2

: ð19cÞ

All given models and equations were published for purposes of
mineral flotation. Unfortunately, no data were found for bubble–
particle interaction processes where DpNDb. Therefore, in the
discussion part our experimental data and results are compared
with assumptions resulting from general concepts (e.g. bubble
behaviour in front of the inclined wall).

3. Experimental materials and methods

Distilled, de-ionised water with a pH value of 6.13 and conductivity
of 1.6 μS/cm was used at 25 °C for all measurements. For the flotation
experiments an aqueous solution of the surface-active agent terpineol
(Fluka Company) was used at a concentration of 187 mg/l (22 ppm).
The surface tensions of the distilled water and terpineol solution were
71.6 mN/m and 63 mN/m, respectively. Spherical glass balls with
diameters of 6.97 mm, 10.0 mm or 15.0 mm were used for all
measurements. These particles were cleaned and degreased in
an equimolar mixture of sulphuric acid and hydrogen peroxide
(Piranha). No additional surface modification (e.g. silanization) was
done, because the quality of particle surface does not influence the
collision process.

A schematic of the experimental apparatus is presented in Fig. 2.
The setup consisted of the followingmain parts: (i) a rectangular glass
column (8×6×20 cm) with a capillary — capillaries with inner
diameters of 10, 15 or 20 μm were used to create bubbles in the
diameter range of 0.3–0.9 mm; (ii) an air supply system consisting of
a compressor, air reservoir, reduction valve and precision Omega
valve; and (iii) a high-speed camera for monitoring bubble motion
and encounter. Exposure was realized using a SCHOTT KL 2500 LCD
cold light source.

Measuring began at a point 50 mm above the bubble detachment
point at the top of the capillary. Bubblemotionwasmeasured over the
next 100 mm to determine the local and terminal velocity profiles. A
Redlake Motion Pro high-speed video camera was used at a capture
frequency of 500 pictures per second and resolution of 1280×1024
rimental apparatus.



Fig. 3. Bubble rise velocity in a solution of surface-active agent as a function of bubble diameter. Comparison of experimental and theoretical data.

Fig. 4. Trajectory deviation of bubble centre from particle vertical axis (Dp=10.0 mm)
for several initial bubble centre positions (Db=0.707 mm). The legend characterises
the initial position of each bubble by the value of its initial angle.
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pixels. NIS-elements software was used for image analysis. Bubble
size, particle size, bubble velocity, and the positions of the bubble and
particle centres (x, y positions) were all measured.

4. Results and discussion

4.1. Bubble velocity in stagnant liquid

In order to compare the experimental results with the literature
data, a high-speed video camerawas used tomeasure terminal bubble
velocity in the aqueous solution of a surface-active agent. The
subsequent images (time interval 0.002 s) were used to calculate
local velocity from the positions of the bubble centre. The mean
velocity was then calculated from at least 30 positions, the standard
deviation never exceeding 2%. Both our experimental results and
other recently published data (Malysa et al., 2005) show that local
velocity values are constant at a distance of more than 5 cm from the
orifice. Therefore, we assume that measured velocity is equal to
terminal velocity. Fig. 3 shows that bubble rise velocity was linearly
dependent on bubble size. As described above, bubble motion is
influenced by the kinetics of surfactant transport, bubble rise velocity
being lower in surfactant solution than in pure water. Due to the small
bubble size no rectilinear or zigzag bubble motion was observed,
which is in accordance with theoretical assumptions (Clift et al.,
1978). Our experimental data for bubble rise velocity were compared
with theoretical data calculated using various models. For data
prediction we used Nguyen and Schulze's (2004) model, described
by Eq. (4), and Karamanev and Nikolov's (Karamanev and Nikolov,
1992; Karamanev, 1994) model, Eqs. (6–9). The results are plotted in
Fig. 3. The velocities calculated using these models were almost
identical and close agreement between the experimental data and the
predicted data was evident in all cases.

4.2. Bubble – particle collision process

Bubble–particle collision is assumed to occur in the section of the
particle surface between the anglesφ=0andφ=φc,max, where angleφ
is measured from the vertical particle axis, and φc,max is the maximum
possible collision angle (the theoreticalmaximumbeing90°). The initial
angle φ0 characterises the initial position of the bubble centre with
respect to the vertical particle axis. The values ofφ0 could lie within the
interval 0° and φ0,max, whereas the angle φ0,max corresponds to the
grazing trajectory (see Fig. 1B). The collision angle φc is greater than φ0

due to the deviation in bubble trajectory.
During our experimental measurements bubble motion was

captured at intervals of 0.002 s prior to and during interaction with
the surface of a stationary spherical particle. Having obtained the
bubble centre coordinates (xi, yi) for this period of time, we were able
to calculate the bubble rise velocity Ub and bubble radius Rb. The
initial angle φ0 and collision angle φc were evaluated from the
captured images. Fig. 4 provides an example of the data obtained for
changes in the trajectory of a bubble (Db=0.707 mm) approaching
the surface of a particle (Dp=10 mm); bubble trajectories for several
initial bubble centre positions being shown. Each point represents the
bubble centre position captured at successive intervals of 2 ms. The
last point in the sequence is the collision point. Although the
theoretical maximum initial angle is 90° (which is the case when
the distance between the bubble and particle centres equals Rp+Rb),
the actual maximum initial angle is, in reality, much smaller, as Fig. 4
shows for the last two sequences (φ0=73.5°, φ0=80.8°). For such
initial bubble positions no collision was observed.

While the bubble remains moving parallel to the particle vertical
axis no deviation occurs. Deviation in the trajectory of a bubble occurs
and increases as the distance between the bubble centre and the
particle vertical axis grows; namely, as the initial angle φ0 increases.
In the case of small bubbles (Dbb1 mm) a very small stream field is
expected, only influencing bubble motion immediately prior to
interaction with a particle (Dai et al., 1998; Ralston et al., 2002).
Fig. 5 illustrates this fact by plotting the dependence of the collision
angle on the initial angle; data for all the various different bubble and
particle sizes used being collated in this figure.



Fig. 5. Dependence of the collision angle on the value of the initial angle (bubble diameters: Db=0.3–0.9 mm).
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The experimental data clearly shows the linear dependence of the
collision angle on the initial angle, the proportion constant being 1.04.
These results are in close correspondence with theoretical assump-
Fig. 6. Bubble trajectories for different initial bubble centre positions in relation to particle ve
two successive images was 0.002 s. The legend characterises the initial bubble position by
tions (Dai et al., 1998; Nguyen, 1999) assuming asymmetric liquid
flow. The symmetry of liquid flow is stronger for bubbles with an
immobile surface than for those with a mobile surface.
rtical axis (Dp=15 mm, Db=0.82 mm)— detail shown in B. The time interval between
the value of the initial angle.



Fig. 7. Example experimental image of bubble trajectory (Dp=15 mm, Db=0.82 mm,
φ0=65.3°).
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4.3. Maximum collision angle

The value most often used to characterise flotation effectiveness is
efficiencywhich can bedescribed by collision and attachment efficiencies.
In Eq. (11) the value of collision efficiency is given by themaximum initial
angle, φ0,max leading to a successful encounter process. In our experi-
mental results, no collision occurred for initial angles greater than 75°. For
such initial angles, the bubble trajectory deviates significantly from the
linear direction and, consequently, the distance between particle and
bubble centres is greater than Rb+Rp during bubble motion. For various
initial bubble centre positions close to the grazing trajectory, Fig. 6 shows
bubble trajectories in relation to the vertical axis of the particle. The first
two initial positions (63.4° and 65.3°) guaranteed reliable bubble–particle
collisions, whereas no collision took place for the last two initial bubble
positions (70.4o and 71.3°). The actual grazing trajectory was close to an
initial angle of 66.8°, themoment of collisionbeing indicatedby the arrow.
To illustrate the bubble trajectory close to the grazing trajectory, Fig. 7
captures experimental data over a time span of 0.04 ms (Dp=15mm,
Db=0.82 mm, φ0=65.3°).

The experimental data on maximum collision angles are shown in
Fig. 8, which plots the dependence of maximum collision angle ϕc,max

against bubble diameter Db for two particle diameters. From these
data, it is clear that ϕc,max decreases as the bubble diameter increases
and the particle diameter becomes smaller.
Fig. 8. Dependence of maximum collision angle on bubble size and
The experimental results were compared with the data published
for various theoretical models. It should be noted that with our
experimental conditions (contaminated water), an immobile bubble
surface was expected. For bubbles with an immobile surface
(θcap=0°), Nguyen's model (Eqs. 13–15) is recommended (Sarrot
et al., 2005). According to this model, the dependence of ϕc,max on Db

has a downward curve, which accords with our experimental results,
although the calculated values of φc,max are lower than our exper-
imental ones. Therefore, we also consideredmodels for mobile bubble
surfaces (ϕcap=180°; Eqs. 16–18; parameters k1=k2=k3=1) and
partially mobile bubble surfaces (0°bθcapb180°, Eqs. 17–19a–c). Here,
the dependence ϕc,max on Db has an upward curve, which is in
substantial disagreement with our experimental data. These results
make it clear that none of the recommended models (Nguyen, 1994;
Sarrot et al., 2005) are suitable for estimating the maximum collision
angle in plastics flotation. Before explaining the reason for this, the
reader's attention is drawn to experimental and calculated data for
four bubble sizes presented in Table 1. Here are given bubble Reynolds
number in stagnant liquid and Reynolds number in the moment of
collision with solid surface; then experimental maximum initial angle
and experimental maximum collision angle. Maximum collision
angles were calculated by theoretical models for immobile, mobile
and partly mobile bubble surface.

According to Nguyen's model (Nguyen, 1994) the particles in
mineral flotation are so small and the bubbles so large that bubble
motion is unaffected by the particles. In a later model (1999), Nguyen
assumes fore-and-aft axisymmetric liquid flow around bubbles, and,
due to small particle size and weight, considers neither liquid motion
nor deviated streamlines around a settling particle. However, this
assumption is not met when DpNDb and the bubble size is larger than
0.1 mm. The fore-and-aft axisymmetric motion of bubbles around a
spherical particle can only be assumed for very small bubbles
(Dbb0.01 mm, Reb1) where changes in liquid flow around the bubble
are negligible. For larger bubbles (DbN0.1 mm) we must consider
liquid flow not only around the bubble, but also around the particle.
Bubble behaviour prior to collision with a stationary spherical particle
is similar to bubble behaviour prior to collision with an inclined plane.
Thus it could be possible to describe the hydrodynamics of liquid flow
around a bubble near an inclined plane by characterization of forces,
primarily the lift force, acting on the bubble (Ishii and Zuber, 1979;
Hibiki and Ishii, 2007), or by the theory of lubrication (Moraga et al.,
2006; Podvin et al., 2008). In both cases, a reduction in bubble rise
velocity is observed; this reduction being dependent on bubble size
and inclination angle (Basařová et al., 2008). Table 1 shows the bubble
particle size. Comparison of experimental and theoretical data.



Table 1
Selected data for collision angle calculation. Experimental data: particle diameter Dp; bubble diameter Db; Reynolds number in stagnant liquid Reb; Reynolds number at moment of
collision Reb,col; maximum initial angle φ0,max; maximum collision angle φc,max. Calculated data: maximum collision angle φc,max for 4 types of bubble surface mobility.

Dp Db Reb Reb,col φ0,max φc,max φc,max φc,max φc,max φc,max

Experimental Experimental θcap=0° θcap=90° θcap=112° θcap=180°

[mm] [mm] [1] [1] [°] [°] [°] [°] [°] [°]

10 0.35 13.1 12.4 73.7 83.2 70.9 71.0 75.9 81.4
10 0.53 32.4 30.5 62.4 76.5 66.8 71.2 76.8 82.4
10 0.74 64.8 62.1 63.2 72.7 64.4 72.2 78.7 83.9
10 0.97 110.6 98.1 55.7 59.7 62.9 73.2 80.3 85.0
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Reynolds numbers in stagnant liquid (Re), calculated from experi-
mental terminal bubble rise velocity, and the Reynolds numbers prior
to collision (Recol), calculated using the local bubble rise velocity. The
decrease in the values of Recol is significant. Therefore, although the
utilization of barrier models for the description of bubble–particle
interaction in plastics flotation is outside the scope of this article, it
will be studied in a separate project.

4.4. Collision efficiency

The experimental collision efficiency was calculated using the
maximum initial angle φ0,lim, which describes the grazing bubble
trajectory (Eq. (11)). Fig. 9 shows the dependence of collision
efficiency on both bubble size and particle size. For the smaller bubbles
(Dbb0.7 mm), collision efficiency was roughly constant, although higher
at larger particle sizes; the mean collision efficiency being 80±3% for
Dp=10mm, and 88±3% for Dp=15mm. Collision efficiency decreased
significantly for larger bubbles (Db=0.7–1 mm), which might be
explained by a combination of higher bubble rise velocity, increasing
bubble shape deformability, and the ratio of mobile to immobile bubble
surface. However, comparing our experimental data with the results
published for theoreticalmodels can bemisleading. All models ofmineral
flotation are based on the fundamental assumption that liquid flow
around the bubble is fore-and-after asymmetric in a vertical orientation
and left-and-right symmetric in a horizontal orientation. This hypothesis
is justified for small particles that do not influence the steadymotion of a
bubble. However, when a small bubble approaches, or collides with, a
larger spherical particle, liquidflowaround thebubble is asymmetric from
all points of view and, simultaneously, a change in the liquid flow around
the bubble leads to a significant decrease in bubble velocity. Furthermore,
the bubble surface mobility has a significant effect. Therefore, the
Fig. 9. Dependence of collision efficienc
development of a simple theoretical model for estimating collision
efficiency in plastics flotation will be the focus of a later project.

5. Conclusion

We compared the bubble–particle interaction processes in mineral
flotation and plastics flotation. This experimental study was focused
only on the collision process between smaller rising bubble in
contaminated water and larger stationary spherical particle which
was chosen as a model particle imitating plastic material. In the case of
small bubbles an insignificant liquid stream field was detected, only
influencing bubble motion immediately prior to interaction with a
particle. For an example, the linear dependence of the collision angle on
the initial angle with low value of proportion constant was found.
Although many features were confirmed to be common for both
processes (mineral flotation and plastics flotation), significant differ-
ences also exist. In particular, plastics flotation shows that the flow of
liquid around abubble approaching, or collidingwith, a larger stationary
spherical particle is asymmetric. However, this has not been taken into
account by models of mineral flotation, which means that they cannot
be used to reliably estimate collision efficiency as well as maximum
collision angle.

Notation
Ar Archimedes number
CD drag coefficient
D diameter, m
Ec collision efficiency
g gravity acceleration, m s−2

Mo Morton number
R radius, m
y on bubble size and particle size.
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Re Reynolds number
Ta Tadaki number
U velocity, ms−1

V volume, m3

Subscripts
b bubble
c collision
l liquid
max maximum
p particle
rel relative

Greek letters
η dynamic viscosity, kg m−1 s−1

φc collision angle
φ0 initial angle
ρ density, kg m−3

σ surface tension, mN m−1

θ free bubble surface
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The attachment of bubbles onto a collecting surface plays a critical role in flotation which is utilised for the
separation of mineral ores, coal or plastic materials. While mineral flotation deals with fine particles and larger
bubbles, this work is focused on the opposite case of an interaction of a single rising bubble (Db b 1 mm) with
a larger spherical particle, which falls down through a stagnant liquid. The collision is studied theoretically and
experimentally. The theoretical model, based on an analysis of forces acting on the bubble, leads to a differential
equation for the bubblemotion. Both themobile and immobile bubble surfaces are considered. The experimental
bubble trajectory and velocity evolution are in good agreement with the theoretical model. The horizontal
deflection of the bubble trajectory caused by the particle motion is dependent on the ratio of bubble terminal
velocity and particle settling velocity. The influence of buoyancy, interception and inertial mechanisms on the
collision efficiency is also examined. It is concluded that the buoyancy is the most significant mechanism for
the interaction of small bubbles with large particles.
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1. Introduction

The gas–liquid–solid three-phase systems are found in many
industrial applications. An important one is the separation of solid
materials by flotation. This process is based on the ability of some solids
to remain attached to the gas–liquid interface. Particles of such a solid
then agglomerate with bubbles and are floated to the liquid surface,
from which they can be easily separated. The flotation was originally
used for the separation of coal or mineral particles from the mined ore
deposits. Owing to its simplicity and high efficiency, the flotation is
nowadays also used for separation of oil sands, print inks in paper-
recycling, waste water treatment and also for the separation of various
plastic materials in their recycling process. In the standard flotation
process, the particles are usually much smaller than the bubbles (we
refer to these size proportions briefly as mineral flotation thereinafter).
Oppositely in the case of plastics flotation, the particles are of compara-
ble or even bigger size than bubbles. The inverted size proportion
changes the mechanics of bubble–particle interaction (Alter, 2005). To
develop a suitable model for predicting the efficiency of the plastics
flotation, it is required to get the detailed description of the bubble–
particle interaction, i.e. of their approach, attachment and eventual
detachment (Nguyen and Schulze, 2004). The theoretical models for
predicting the flotation efficiency (e.g. Dai et al., 2000; Nguyen and
ngineering, Prague Institute of
h Republic. Tel.: +420 220 443

řová), vejrazka@icpf.cas.cz

rights reserved.
Schulze, 2004) were developed for the mineral flotation. Due to modi-
fied mechanics, these models cannot be used for the plastics flotation
with the inverted size proportions.

The first theoretical description of collision of a small particle with
a large bubble was provided by Sutherland (1948). His model is based
on the fact that the liquid streamlines are denser near the equator of
the rising bubble. Particles move along the streamlines and some of
them approach the bubble to a distance, which is smaller than the
particle radius, and thus collide with the bubble surface. Sutherland
assumed potential flow around a spherical bubble, and particles,
which perfectly follow the liquid motion, and obtained an expression
for the collision efficiency. Many conceptually similar models were
developed later. Their reviews are available (e.g., Dai et al., 2000).
For example, Flint and Howarth (1971) considered motion of the
particle relative to the moving liquid due to particle settling. The
model of Yoon and Luttrell (1989) covers all the flow regimes (Stokes,
intermediate and potential) around the bubble. Other models consider
a relative motion of the particle and liquid due to inertial and gravity
forces (e.g., Schulze, 1989). The GSE model (Dai et al., 1998, 1999;
Ralston et al., 1999) considers the particle inertia as well as (im)mobil-
ity of the bubble surface, and solves the particle motion via Basset–
Boussinesq–Oseen equation. Recently, Huang et al. (2012) studied the
particle motion using the rigorous equation for particle motion (includ-
ing lift and Basset forces acting on the particle) and a fully resolved flow
around the bubble.

The above mentioned models were developed for interactions of
small particles with large bubbles and they are not suitable for the
case of plastics flotation with inverted size proportions. Some studies
of the small bubble–large particle interactions were published

http://dx.doi.org/10.1016/j.minpro.2013.02.013
mailto:pavlina.basarova@vscht.cz
mailto:vejrazka@icpf.cas.cz
http://dx.doi.org/10.1016/j.minpro.2013.02.013
http://www.sciencedirect.com/science/journal/03017516
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(e.g. Singh, 1998; Drelich et al., 1999; Shen et al., 2002; Pascoe and
O'Connell, 2003; Basařová et al., 2010); however, these works provide
mostly experimental results on the flotation yield as a function of var-
ious parameters, but not a fundamental study of the interaction
mechanics.

The aim of this work is to broaden the knowledge of hydrodynamic
interactions that occur between bubbles and solids of a comparable size
or between larger particle and smaller bubble. Focusing on collision
processes between a single rising bubble (Db b 1 mm) and a larger fall-
ing solid particle in stagnant liquid, a model describing the bubble tra-
jectory is given here. The model assumes potential flow around the
particle and balances forces acting on the bubble, leading to a differen-
tial equation for its motion. The bubble is considered spherical and can
be either clean (with mobile interface) or contaminated (immobile in-
terface). The particle is also spherical and moves vertically downward
with a steady velocity. The model is validated experimentally by com-
paring observed trajectories with the computed one. The collision effi-
ciencies are evaluated. At the end, it is found that the resulting
efficiencies are governed mostly by the buoyancy and interception
mechanisms and the inertial effects are only minor. For this situation,
a simple expression for the collision efficiency is derived.

2. Model for the bubble motion

2.1. System of reference

The coordinate system is introduced as shown in Fig. 1. The frame
of reference, either Cartesian (x, z) or spherical (r, θ), moves together
Fig. 1. System of reference frame and symbols.
with the particle, and its origin is fixed in the particle's centre. The
particle radius is denoted Rp and the velocity of particle fall is Up.
The liquid has density ρ and viscosity η. The density of gas inside
the bubble is ρg.

In the frame of reference, which moves together with the particle,
the liquid is observed to move upward with the velocity Up at locations
far away from theparticle. In the vicinity of the particle, the liquid veloc-
ity is characterized by velocity vector u (with components ur and uθ).
The bubble (with radius Rb, diameter Db and volume Vb) is located at
position characterized by spherical coordinates rb and θb. The bubble
velocity vector is denoted as ub (with components ubr and ubθ) and its
acceleration ab. Both vectors can be expressed in spherical coordinates

ubr ¼
drb
dt

abr ¼
d2rb
dt2

−rb
dθb
dt

� �2

ubθ ¼ rb
dθb
dt

abθ ¼ rb·
d2θb
dt2

þ 2
drb
dt

dθb
dt

: ð1Þ

Here, t is time. The second term in the expressions for radial and tan-
gential components of the acceleration is the centripetal and Coriolis
acceleration, respectively.

2.2. Potential flow and pressure field around a sphere moving through a
stagnant liquid

The liquid flow in front of the moving particle can be approximat-
ed by potential flow, assuming it moves at high Reynolds number
(Rep = ρUpDp / η ≫ 1). The potential flow does not approximate
the flow correctly in the boundary layer (whose thickness δ scales
as δ/Dp ≈ Rep

1/2), and also in the upper hemisphere of the particle
(the boundary layer separates close to θ ≈ 95°).

The stream function for the potential flow around a sphere is (see
e.g. Milne-Thomson (1996))

ψ ¼ 1
2
Up 1−

R3
p

r3

 !
r2 sin2θ ¼ 1

2
Up 1−

R3
p

r3

 !
x2: ð2Þ

The components of the liquid velocity

ur ¼
1

r2 sin θ
∂ψ
∂θ ¼ 1−

R3
p

r3

 !
cos θ·Up

uθ ¼ − 1
r sin θ

∂ψ
∂r ¼ − 1þ R3

p

2r3

 !
sin θ·Up

: ð3Þ

The pressure p is determined by means of Bernoulli's equation,

pþ 1
2
ρ u2

r þ u2
θ

� �
¼ p0: ð4Þ

The hydrostatic pressure — ρgz (where g is the gravity accelera-
tion) is not included in the expression for the pressure. The reference
pressure p0 is adjusted in the way that p is zero far from the particle
(p0 = ρUp

2/2), and one gets for the pressure field

p ¼ 1
2
ρU2

p 1− 1−
R3
p

r3

 !2

cos2θ− −1−
R3
p

2r3

 !2

sin2θ

 !
: ð5Þ

2.3. Forces acting on the bubble

The bubble motion is analysed via balance of forces, which acts on
the bubble (see, e.g., Magnaudet and Eames (2000), or Thomas et al.
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(1983)). The momentum balance of a spherical bubble is written in
the form

ρgVbab ¼ Fb þ Fd þ Fhist þ Fam þ FI þ FL þ FLw: ð6Þ

The terms on the right-hand side are force contributions of different
physical phenomena; these contributions are the buoyancy (Fb), drag
(Fd), history force (Fhist), added-mass force (Fam), inertial force (FI),
lift due to the vorticity (FLw) and lift due to the flow restriction by the
particle (FL). They will be discussed more in detail in following para-
graphs and suitable expressions will be provided. The force contribu-
tions FLw and Fhist will be neglected. The term on the left-hand side
represents the inertia of gas contained in the bubble, and it is negligible
compared to the individual forces. The overall balance hence is

ρgVbab ¼ Fb þ Fd þ Fam þ FI þ FL ≈ 0: ð7Þ

2.3.1. Buoyancy force
The radial and tangential components of the buoyancy force Fb are

Fb;r ¼ ρ−ρg

� �
gVb cos θ;

Fb;θ ¼ − ρ−ρg

� �
gVb sin θ:

ð8Þ

These expressions are valid if the bubble boundary is closed. It is
not valid e.g. in such case, when a bubble is attached to a surface sub-
merged in the liquid, because part of the bubble is not exposed to
hydrostatic pressure.

2.3.2. Drag force
The drag force Fd represents viscosity effects under condition of

steady motion. This force is commonly expressed using a drag coeffi-
cient Cd as

Fd ¼ −Cd
π·D2

b·ρ
8

ub−uð Þ ub−uj j: ð9Þ

The vector ub − u is the relative velocity between the bubble and
the liquid, and thereinafter, it is denoted as urel. The drag coefficient
Cd is a function of the bubble Reynolds number Reb, which is

Reb ¼ ρDb urelj j
η

¼ ρDb

η

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ub;r−ur

� �2 þ ub;θ−uθ

� �2r
: ð10Þ

The drag depends also on the presence of surface active contami-
nants in the system. For “clean bubbles” (no contaminants in the liquid),
liquid exerts no shear on the bubble surface, and the gas–liquid inter-
face is mobile (liquids move along bubble surface). The expression of
Mei is appropriate for Cd (Mei and Adrian, 1992; Mei, 1994)

Cd ¼ 16
Reb

1þ 8
Reb

þ 1
2

1þ 3:315Re−1=2
b

� �� �−1� �
: ð11Þ

If surface active contaminants are present in the liquid, they adsorb
at the interface and accumulate in the rear part of such a “contaminated
bubble”. The interface remains almost surfactant-free close to the front
stagnation point, however, and the resulting gradients of surface
tension are balanced by shear stress exerted by the liquid on bubble
surface. In contrast to clean bubbles, this shear stress is non-zero and
the bubble drag is therefore increased. The gas–liquid interface is
immobilized to some extent (liquid motion is decelerated close to bub-
ble surface). The flow around such a bubble and also its drag are well
approximated by the behaviour of a solid particlewith no-slip boundary
condition for the liquid flow (e.g., Magnaudet and Eames, 2000).
Schiller and Nauman (1935) suggested for the drag of solid spherical
particles

Cd ¼ 24
Reb

1þ 0:15Reb
0:687

� �
ð12Þ

and this dependence is applicable also for bubbles with surface
immobilized by surfactants. Similar relation (Karamanev and Nikolov,
1992; Karamanev, 1994)was suggested for bubbleswith fully immobile
surface,

Cd ¼ 24
Reb

1þ 0:173Reb
0:657

� �
þ 0:413
1þ 16300Reb

−1:09 forRebb 130 ð13Þ

and Cd = 0.95 for Reb > 130.
The drag force described in Eq. (9) is valid only for a bubble in a

uniform flow far from other boundaries. For the drag force near a
wall, Kok (1993) received a correction by solving potential flow
around a pair of bubbles (see de Vries et al. (2002) for more conve-
nient form). When applying this correction, one receives for the com-
ponent normal and parallel to the particle surface,

Fd;r ¼ −Cd
π⋅D2

b⋅ρ
8

ub;r−ur

� �
·urel· 1þ 1

4
Rb

rb−R

� �3� �

Fd;θ ¼ −Cd
π⋅D2

b⋅ρ
8

ub;θ−uθ

� �
·urel· 1þ 1

8
Rb

rb−R

� �3� � ð14Þ

respectively.

2.3.3. The added-mass force
A bubble accelerating relative to the surrounding liquid has to

overcome liquid inertia. The corresponding force, called added-mass
force Fam, is (Magnaudet and Eames, 2000)

Fam ¼ ρVbCM
Du
Dt

−dub

dt

� �
þ ρVb u−ubð Þ d

dt
CM; ð15Þ

where CM is the added-mass coefficient, and its value is CM = 0.5 in
the case of a sphere in an unbounded fluid. Because we consider a po-
tential flow (Eqs. (2) and (3)), the fluid acceleration at the position of
the bubble can be expressed in terms of pressure gradient,

Du
Dt

¼ ∂u
∂t þ u·∇ð Þu ¼ −1

ρ
∇p: ð16Þ

A difficulty arises from the fact that CM is different for the bubble
motion in direction perpendicular or parallel to the particle's surface.
This surface is approximated here as a flat wall. For the perpendicular
and parallel motion, the added-mass coefficient is approximated by
(Milne-Thomson, 1996)

CM;r ¼
1
2

1þ 3
8

Rb

rb−Rp

 !3 !
;

CM;θ ¼
1
2

1þ 3
16

Rb

rb−Rp

 !3 !
;

ð17Þ

respectively. The temporal variations of the added-mass coefficients
therefore are

dCM;r

dt
¼ ∂CM;r

∂rb
drb
dt

¼ − 9
16

R3
b

rb−Rp

� �4 ubr ;

dCM;θ

dt
¼ ∂CM;θ

∂rb
drb
dt

¼ − 9
32

R3
b

rb−Rp

� �4 ubr :

ð18Þ
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The radial and tangential components of the added-mass force are
obtained by writing (15) separately for these two directions,
performing the derivative and by the use of (16) and (18), leading to

Fam;r ¼ −CM;r·Vb
∂p
∂r −CM;r·Vb·ab;r−

9
16

ρVbR
3
b

rb−Rp

� �4 ur−ubrð Þubr

Fam;θ ¼ −CM;θ·Vb
1
rb

∂p
∂θ−CM;θ·Vb·abθ−

9
32

ρVbR
3
b

rb−Rp

� �4 uθ−ubθð Þubr

:

ð19Þ

If the liquid is still and the bubble moves perpendicularly to a large
particle or wall, the added-mass force recovers the form presented by
Legendre et al. (2005). The three terms on the right-hand side of
Eq. (19) have their physical meaning: the first one is denoted as Faml

and it represents the added-mass force due to the liquid acceleration.
The second term, denoted as Famb, represents the added-mass force due
to bubble acceleration. Finally, the last term, Famp, is the added-mass
force due to a change of relative position between the bubble andparticle.

2.3.4. Inertial force due to liquid acceleration
Fluid acceleration around the particle leads to pressure gradients in

the liquid, which causes a supplementary force FI acting on the bubble,
denoted as inertial force. Its radial and tangential components are

FI;r ¼ −Vb
∂p
∂r ;

FI;θ ¼ −Vb
1
r
∂p
∂r :

ð20Þ

2.3.5. Lift force
When the bubble is close to the particle surface, the liquid motion

around the bubble is restricted by the particle, and it squeezes in the
gap between them. The liquid accelerates in this zone and the pres-
sure decreases correspondingly, causing a lift force FL that pushes
the bubble toward the particle surface. If the particle surface is ap-
proximated by a flat wall, a suitable expression for the lift force is
found by de Vries et al. (2002). For the component perpendicular
and parallel to the wall, it is

FL;r ¼
1
2
ρVb uθ−ub;θ

� �2 ∂CM;θ

∂rb
;

FL;θ ¼ 0:
ð21Þ

For bubblesmoving in a liquid, a supplementary lift force FLw appears
if the vorticity is present in the flow. The model presented here con-
siders irrotational flow around the particle and such a lift is hence zero.

2.3.6. The history force
In the case of unsteady bubble motion, the effective force due to

viscosity differs from the steady drag, expressed by (9). A supplemen-
tary viscous force due to unsteadiness, the history force Fhist, is intro-
duced (Magnaudet and Eames, 2000)

Fhist tð Þ ¼ −3πηDb ∫
t

−∞
K t−τð Þ ∂

∂τ ub τð Þ−u τð Þð Þdτ: ð22Þ

The kernel K(t − τ) is a function expressing the importance of the
past accelerations on the actual viscous force. The Yang and Leal's
(1991) kernel is suitable for the case of bubbles with mobile interface

K t−τð Þ ¼ 4
3
exp

36η t−τð Þ
ρD2

b

 !
erfc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36η t−τð Þ

ρD2
b

s !
: ð23Þ
For the case of bubbles with immobile interface, the kernel by Mei
and Adrian (1992) can be used,

K t−τð Þ ¼ Db

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ

πη t−τð Þ
r� �−1=4

þ Dbηf
3
h Reb=2ð Þ

πρ u tð Þ−ub tð Þj j3 t−τð Þ2
 !−1=2 !−2

:

ð24Þ

Anyway, the history force is neglected in the present model. This is
justified for the case of bubbleswithmobile interface, but it is unfounded
in the case of immobile interface. A practical reason for neglecting Fhist is
that equations of motion in form of ordinary differential equations are
obtained, while preserving Fhist leads to more complicated integro-
differential equations.

2.4. Equation of motion for the bubble

The bubble motion is calculated by solving Eq. (7), to which the
expressions for the forces are substituted. The added-mass force due
to bubble acceleration Famb, which contains the highest derivates of
rb and θb, is put to the left hand side of Eq. (7). After the substitution,
we obtain for the radial and tangential components, respectively,

Vb· CM;rρþ ρg

� �
⋅ab;r ¼ Fb;r þ Fd;r þ Faml;r þ Famp;r þ FI;r þ FL;r

Vb· CM;θρþ ρg

� �
⋅ab;θ ¼ Fb;θ þ Fd;θ þ Faml;θ þ Famp;θ þ FI;θ þ FL;θ

: ð25Þ

By reducing the differential order of this equation, we get a system
of equations

d
dt

rb
θb
drb
dt
dθb
dt

0
BBBBB@

1
CCCCCA ¼

drb
dt
dθb
dt

rb
dθb
dτ

� �2
þ Fb;r þ Fd;r þ Faml;r þ Famp;r þ FI;r þ FL;r

Vb CM;rρþ ρg

� �
− 2

rb

drb
dτ

� �
dθb
dτ

� �
þ Fb;θ þ Fd;θ þ Faml;θ þ Famp;θ þ FI;θ þ FL;θ

Vb CM;θρþ ρg

� �

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
:

ð26Þ

This system is solved numerically using subroutine ODE45 of
MATLAB computational system. The initial condition (bubble position
and velocity) is taken from the experimental data.

3. Experiments

3.1. Materials and apparatus

Pure water (distilled, de-ionised and de-mineralised water) was
used at 25 °C for themeasurements. The pHvaluewas 6.13 and conduc-
tivity 1.6 μS/cm. In addition, an aqueous solution of the surface-active
agent terpineol (Fluka Company) was also used at a concentration of
187 mg/l (this solution is referred as contaminated water thereinafter).
The surface tension (measured by du Nouy's ring method) was
71.6 mN/mand 63 mN/m for thepure and contaminatedwater, respec-
tively. The particle was a smooth spherical glass ball with a diameter of
14.11 mm. It was cleaned and degreased in an equimolar mixture of
sulphuric acid and hydrogen peroxide. No additional surface treatment
was done, because the quality of particle surface does not influence the
collision process.

The experimental measurements were done in a glass cell (50 cm
height, 8 cmwidth and 6 cmdepth). The schemeof experimental appa-
ratus is given in Fig. 2. Single bubbles were created using a bubble gen-
erator built according to Vejražka et al. (2008). The bubble diameter
ranged from 0.5 to 0.8 mm. The particle and light source were fixed to
a translating unit, by which the particle motion was imposed with



Fig. 2. Scheme of experimental setup.
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downward velocity of either 50 mm/s-1 or 100 mm/s-1. The bubble–
particle interaction was observed by a high-speed camera Redlake
Motion Pro, which was fixed to another translating unit. The camera
moved together with the particle, so the bubble motion was recorded
in a frame of reference moving together with the particle. The camera
rate was 500 frames per second, image size was 1280 × 1024 pixels
and the average image resolution was 14 μm/pixel. The images were
analysed using NIS-Elements software, by which the bubble radius Rb,
bubble position (xi, zi) and bubble velocity ub were determined.

Before experiments, particle position was carefully adjusted in
respect to the bubble generator in the way that the other horizontal
coordinate of the bubble is zero, y = 0.

3.2. Experimental conditions

Altogether, 16 sets of experimental data were obtained. These sets
differ in the particle velocity (50 and 100 mm/s), bubble surfacemobil-
ity (pure and contaminated water) and in bubble size (Db ~ 0.5 mm,
0.6 mm, 0.7 mm and 0.8 mm; exact average diameters are given in
figures reporting the results). For one experimental set, trajectories
for at least ten initial positions x0 were measured. Within one set of
data, the variation of bubble size was about 1% and the maximum devi-
ation from the mean did not exceed 3%.

In Fig. 3, the experimental terminal velocity of bubble rise Ub (mea-
sured for both pure and contaminated liquids) is shown. It is compared
Fig. 3. Experimental bubble rise velocity. Comparison with theoretical values.
with the prediction of Mei (1994), which is valid for mobile interface,
and with correlation of Karamenev's relation (Karamanev and
Nikolov, 1992; Karamanev, 1994) for immobile interface. The velocity
calculated using these models is in close agreement with the exper-
imental data, suggesting that the interface is either fully mobile or
immobile in the pure and contaminated water, respectively. Owing
to the small bubble size, no spiralling or zigzag bubble motion is ob-
served during their rise. In Table 1, the bubble Reynolds number
(Reb = ρlUbDb / η), Weber number (Web = ρlUb

2Db / σ), Bond
(Eötvös) number (Bob = (ρl − ρg)gDb

2 / σ) and Stokes number
(Stb = (2ρlUbRb

2) / (9ηR)) are listed.
4. Results

4.1. Bubble trajectory

As a typical example, Fig. 4 shows data obtained within one experi-
mental set. These data are provided for pure water, bubble diameter of
0.5962 mm and particle settling velocity of 50 mm/s. Several trajecto-
ries differing in the initial horizontal position of the bubble (x0, see leg-
end) are shown. The grey lines illustrate the trajectory computed using
themodelwith corresponding initial conditions. The positions of bubble
centre in consecutivemovie frames are denoted by symbols. The upper-
most point shows the bubble positionwhen it collideswith the particle,
with the exception of the outermost trajectory. The bubble with initial
horizontal position x0 = 7.41 mm does not collide with the particle.
The bubblewith initial position x0 = 6.68 mmcollideswith the particle
in its upper hemisphere. This collision is not predicted correctly by the
model, because in the upper hemisphere, the real flow differs from
the potential flow assumed in the model.

Fig. 5 shows an example of experimental results on the bubble
velocity. Data originates from the same experiment as in Fig. 4. The rel-
ative velocity defined as the ratio between the bubble velocity at given
time and bubble terminal velocity is plotted against the time to the
collision. Despite the noise on experimental velocities, which originates
in the differentiation and reaches about 5% of the measured value, the
measured velocities (points) are in acceptable agreement with the
model prediction (lines).

For bubble initial position close to the vertical particle axes, the ve-
locity decreasesmonotonically. For more distant initial bubble position,
the bubble velocity oppositely increases as a consequence of flow accel-
eration close to the particle equator. The flow near the rear part of par-
ticle cannot be modelled by the potential flow because the boundary
layer detaches close to the equator and liquid recirculation appears
behind this point. For the outermost position (x0 = 6.68 mm in
Fig. 7), we also observe that the experimental bubble velocity becomes
lower than the prediction. We attribute this deviation to the influence
of the separated flow (with much lower velocity) on the bubble.
Table 1
Theoretical terminal bubble velocity, bubble Reynolds, Weber, Bond and Stokes'
numbers.

Db

(mm)
Ub

(m/s)
Reb Web Bob Stb

Up = 50 mm/s
Stb
Up = 100 mm/s

Mobile bubble surface
0.5 0.105 58.9 0.077 0.034 0.110 0.221
0.6 0.142 95.1 0.167 0.049 0.159 0.318
0.7 0.184 143.8 0.328 0.067 0.216 0.432
0.8 0.231 207.2 0.596 0.087 0.282 0.565

Immobile bubble surface
0.5 0.057 31.8 0.026 0.039 0.110 0.221
0.6 0.069 46.6 0.046 0.056 0.159 0.318
0.7 0.082 63.9 0.074 0.076 0.216 0.432
0.8 0.093 83.6 0.110 0.099 0.282 0.565



Fig. 4. Example of experimental dataset on bubble trajectories. The particle diameter
14.11 mm, particle velocity 50 mm/s, bubble diameter 0.5962 mm, bubble terminal
velocity 137.6 mm/s, and pure water.
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4.2. Position of the collision

Most of the trajectories shown in Fig. 4 finish when the bubble
comes into contact with the particle. This collision is characterized by
its horizontal position xcol. The experimental dependence of xcol on the
initial position x0 is shown in Figs. 6 and 7 for pure and contaminated
Fig. 5. Example of experimental dataset on bubble velocity. Dependence of relative bubble v
bubble diameter 0.5962 mm, bubble terminal velocity 137.6 mm/s, and pure water.
water, respectively. It is observed that the collision position increases al-
most linearly with the initial position,

xcol ¼ kx0: ð27Þ

Only in the case shown in Fig. 6f, g and h (purewater, higher particle
velocity and larger bubble sizes), xcol reaches a maximum for x0 close to
6 mm. At this maximum, the bubble collides with the particle close
to its equator. When x0 is further increased, the bubble still collides
with the particle, but this collision occurs in the particle's upper hemi-
sphere. The collision position xcol then decreases with x0. The collision
in the upper hemisphere is probably driven by reversed flow in the
recirculation; deeper analysis is, however, difficult because of the
unsteady character of this flow.

Results of the model also indicate almost linear dependence of xcol
on x0. In fact, the proportionality constant k is not truly constant, but
for themoderate particle velocities considered here, it decreases slight-
ly (at most by 1%) when x0 is varied from a small value (bubble initially
close to the axis) toward a maximum value, at which the collision
occurs. In Figs. 6 and 7, the value of k computed from the model is pro-
vided and the corresponding dependence is shown by line. The present
model fails for x0 above the its maximum value (colliding in the upper
hemisphere of the particle), because of the invalid assumption of the
irrotational flow.

The parameter k characterizes the bubble deviation from its verti-
cal path caused by the flow around the particle. It primarily depends
on the particle velocity, bubble size and mobility of bubble surface.
The last two parameters determine the bubble terminal velocity. In
Fig. 8, the computed parameter k is plotted against the ratio of parti-
cle and bubble terminal velocity, Up/Ub. Obviously, the values com-
puted for both particle velocities (50 and 100 mm/s) and for both
pure and contaminated liquid fall on a single master curve, demon-
strating that the velocity ratio is an important dimensionless param-
eter controlling the collision process between small bubbles and large
particles.

The linear dependence of xcol on x0 and the dependence of the fac-
tor k on the velocity ratio Up/Ub are consistent with the model of Flint
and Howarth (1971). Note that xcol is linearly proportional to x0 also
in the frame of Sutherland's model (1948), but the values of k are in-
consistent with it. For convenience, a combination of both models is
provided in Appendix A.
elocity on time to collision. The particle diameter 14.11 mm, particle velocity 50 mm/s,



Fig. 6. Dependence of the bubble collision position on the initial position. Pure water, particle settling velocity 50 mm/s (a–d) and 100 mm/s (e–h).
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4.3. Flotation efficiency

Inmineralflotation (small particles collected on a larger bubble), the
efficiency is defined as the ratio of particles, attaching to a bubble, divid-
ed by the total number of particles in the volume swept by the bubble.
Fig. 7. Dependence of the bubble collision position on the initial position. Contam
The collision, attachment and also possible detachment are usually con-
sidered as independent sub-processes (Derjaguin and Dukhin, 1961)
and the flotation efficiency is then the combination of the efficiencies
of all individual steps. Here, we focus only on the collision process. Its
efficiency is defined as the ratio of the number of colliding particles to
inated water, particle settling velocity 50 mm/s (a–d) and 100 mm/s (e–h).



Fig. 8. The dependence of parameter k on the ratio of particle and bubble terminal
velocity, Up/Ub.
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the total number of particles in the swept volume. In the present case
of plastics flotation, the configuration is inverted (small bubbles are
collected by a larger moving particle). The collision efficiency Ec can
be defined analogously as the ratio of number of bubbles colliding
with the particle to the number of bubbles that would collide, if their
trajectories are not deflected by the flow around the particle. Similarly
to the case of mineral flotation (see e.g. Nguyen and Schulze (2004)),
this efficiency can be determined from the bubble grazing trajectory
(with initial position x0,g), which distinguishes the trajectories of
bubbles that encounter the particle surface from those that do not.
Based on a simple geometric interpretation of the grazing trajectory,
one obtains for the bubble–particle collision efficiency

Ec ¼
x0;g

Rp þ Rb

 !2

≈ 1
k2

: ð28Þ

The latter's approximate equality can be used, if the parameter
k = xcol / x0 is independent of x0, hence x0,g ≈ (Rp + Rb) / k. This
holds reasonably for the conditions studied here.

The resulting collision efficiency is summarised in Fig. 9, where
the efficiency is plotted against the velocity ratio Up/Ub. Black points
are the results of the presented model, using which the position x0,g
of grazing trajectory was determined and the efficiency evaluated
using Eq. (28). Compared to the experiments, the set of data was
enlarged to cover the range of particle velocities from 5 to 200 mm/s,
bubble diameters from 0.4 to 0.8 mm and both mobile and immobile
Fig. 9. The dependence of collision efficiency on the ra
bubble surfaces. Despite this relatively large range of particle velocities,
all the efficiencies follow a single master dependence on Up/Ub, as seen
in Fig. 9.

Nowadays in mineral flotation, the gravitational, interception and
inertial mechanisms of bubble–particle collision are usually consid-
ered (Nguyen and Schulze, 2004; Dai et al., 2000). The gravitational
mechanism assumes that the velocity of particle differs from that of
liquid due to particle settling, and consequently particle trajectories
deviate from the streamlines of the liquid flow around the bubble.
This deviation is characterized by the ratio of velocities of the bubble
rise and particle settling. The impact of this mechanism on the effi-
ciency of mineral flotation was derived first by Flint and Howarth
(1971). Following their approach for the plastic flotation (see also
Appendix A), one obtains for the efficiency due to the collisions driv-
en by the bubble buoyancy

Ec−FH ¼ Ub=Up

1þ Ub=Up
: ð29Þ

This efficiency is shown in Fig. 9 by the dark solid line. This simpli-
fied model underestimates the efficiency especially at larger velocity
ratio Up/Ub, but still it is in a reasonable agreement with the results
of the full computational model.

In the case of mineral flotation, the interception mechanism
(Sutherland, 1948) assumes that the particle centre follows the liquid
streamlines in the bubble neighbourhood. Some streamlines get to
the bubble surface to a distance smaller than the particle radius, and
the particles travelling along these streamlines collide with the bub-
ble. The Sutherland's reasoning can be repeated for the case of plastics
flotation (Appendix A), leading to an analogue of Sutherland's expres-
sion for the collision efficiency due to interception

Ec−SU ¼ 1−
R3
p

Rp þ Rb

� �3
0
B@

1
CA

−1

: ð30Þ

The efficiency hence increases with the size of captured bubbles.
When both the gravitational and interception mechanisms are com-
bined, the overall efficiency is (Appendix A)

Ec ¼ 1− 1−Ec−SUð Þ 1−Ec−FHð Þ; ð31Þ

which is in agreementwith the combination rule for individual efficien-
cies, recommended by Nguyen and Schulze (2004). This combined
tio of particle and bubble terminal velocity, Up/Ub.
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efficiency is shown in Fig. 9 by the dotted line. The interception mecha-
nism modifies only slightly the collision efficiency, which is mostly
governed by the bubble buoyancy. Inclusion of the interception
improves the estimation of collision efficiency, but still the real efficien-
cy is higher (the difference amounts to 5% for Up/Ub ≈ 5).

The remaining difference is attributed to the inertial forces. In the
mineral flotation, the particle inertia is important for heavy and/or
large particles and becomes dominant for Stokes number greater
than unity. Due to the inertia, sufficiently massive particles are unable
to follow the liquid motion along curved streamlines and tend to fol-
low the previous movement. In the case of plastics flotation, the iner-
tial effects are quite different. The bubble itself has no inertia, and all
inertial effects are linked with the liquid motion. The liquid motion has
two origins: due to i) the bubble motion relative to the surrounding
liquid, and ii) liquidmotion around the falling particle. The liquid inertia
due to the bubble motion opposes the changes of the relative velocity
between the bubble and the surrounding liquid via the added-mass
force Fam. The inertial effects due to the liquid motion around the parti-
cle lead to the inertial force FI, which drives the bubble in the direction
of decreasing pressure. Combining both effects, the inertia act on the
bubble in the opposite sense than it would on a particle heavier than
the liquid: the bubble decelerates faster than the liquid when it
approaches the particle on axis (heavy particles would move faster
than the liquid in this zone), and close to particle equator, the inertial
forces due to streamline curvature push the bubble toward the particle
surface (heavy particles would be pushed away because of centrifugal
forces).

Anyway, owing to moderate values of the Stokes number, the
efficiencies predicted by the full model, which includes inertial effect
(symbols in Fig. 9) are relatively close to the simplified model that
neglects the inertia (Eq. (31), dotted line in Fig. 9). This suggests that
the inertial forces have only moderate impact for studied conditions,
and can be neglected in many practical applications. When the simpli-
fiedmodel is comparedwith the results of full model, it is also observed
that for small velocity ratios, Up/Ub b 0.5, the inertial forces lead to a
slight decrease of the flotation efficiency. Contrary for Up/Ub > 1, iner-
tial forces increase the efficiency inmost cases, mostly due to attraction
of the bubble to the particle in the region around equator of the particle.
An attempt to quantify the impact of inertial effects on the efficiency
was done, but no simple relation was found. Our next effort will be
therefore focused on a general model for collision efficiency, which
would include the effects of buoyancy, interception and inertia.

Finally, we briefly discuss the importance of individual forces on
the resulting bubble motion. The lift force is negligible for any initial
positions of the bubble. For bubbles with its initial position far from
the grazing trajectory (x0 ≪ x0,g), the added-mass force becomes
important in the close vicinity of the particle, roughlywhen the distance
between bubble and particle surface is smaller than 5 mm because the
added-mass coefficients derivatives (Eq. (18)) increase significantly.
Bubbles with initial position close to the grazing trajectory (x0 ~ x0,g)
collide with the particle bellow the particle equator. These bubbles
follow the S-shaped trajectory (see Fig. 4). As the bubble approaches
the particle, it is first deflected off-axis because of the drag force Fd
and inertial force FI. When the bubble passes behind the inflection
point of liquid streamlines, FI becomes the dominant force and drives
the bubble toward the particle surface.

5. Conclusions

The collision of a small rising bubble with a larger spherical particle
falling through a stagnant liquid is studied. A theoretical model describ-
ing the bubble trajectory and velocity evolution is given and its results
are successfully validated by comparing with experimental measure-
ments. For both mobile and immobile bubble surfaces, the horizontal
deflection of the bubble trajectory prior to the collision increases linear-
ly with the initial bubble distance from the axis. The proportionality
factor increases with the ratio of particle and bubble rise velocities
and its values are consistent with the model of Flint and Howarth
(1971). The collision efficiency is evaluated by determining the grazing
trajectories using the presentmodel. The overall efficiency is controlled
mostly by the buoyancy of the bubbles, and only partially by the inter-
ception mechanism and inertial effects. A simple expression for the
efficiency, considering the combined effect of the buoyancy and inter-
ception mechanisms, is provided.
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Appendix A. Simplified model for bubble motion

In this Appendix, a combination of models of Flint and Howarth
(1971) and of Sutherland's (1948) is provided for the convenience.
Size proportions typical for plastics flotation (small bubbles rising
around a large falling particle) are considered. This simplified model
hence describes the gravitational and interception mechanisms of
the capture of small bubbles on a large particle, assuming that effects
of inertia on the bubble motion can be neglected.

The potential flow around the spherical particle is considered. The
stream function for the potential flow around a sphere is given in
Eq. (2), and the velocity components can be determined via (3);
note that the system of reference moves together with the moving
particle. The bubble rises through the liquid. In the approach of Flint
and Howarth (1971), the inertial forces acting on the bubble (FI, Fam
and FL) are neglected. The bubble consequently moves with a veloci-
ty, which differs from that of the liquid, and this difference is constant
and equal to the velocity of rise Ub (cf. Eq. (7), and see also Flint and
Howarth's solution for his K → 0). The bubble motion then can be
described by a bubble trajectory function ψb, which is an analogue of
the stream function (ψb is constant along bubble trajectory). The trajec-
tory function ψb differs to the flow stream function ψ by a term assuring
constant vertical velocity Ub, that is

ψb ¼ ψþ 1
2
Ubx

2 ¼ 1
2

Up þ Ub

� �
1−

R3
p

1þ Ub

Up

 !
r3b

2
66664

3
77775x2: ðA1Þ

The bubble trajectory function is hence the same as a stream func-
tion of a potential flowwith velocity Up + Ub around some ghost parti-
cle with diameter Rp / (1 + Ub/Up)1/3. The velocity components of the
bubble can be evaluated analogously to (3).

From ψb, the dependence of the collision position xcol on the initial
position x0 can be determined. During its motion, the bubble follows
its trajectory and ψb is hence constant. Following the approach of
Sutherland, the collision occurs when rb = rcol = R + Rb. By writing
ψb,0 = ψb,col and considering the infinite initial radius, r0 → ∞, one
obtains a relation (27) between the initial and collision positions,
and the value of parameter k is

k ¼ 1−
R3
p

1þ Ub=Up

� �
Rp þ Rb

� �3
2
64

3
75
−1

2

: ðA2Þ

Considering Ub = 0, the simplified model presented in this Ap-
pendix reduces to the classical model of Sutherland (1948). Consider-
ing Rb = 0, the model reduces to that of Flint and Howarth (1971).
Compared to these classical models, only the quantities related to
the bubble and particle are interchanged as a consequence of inverted
proportions in the case of plastic flotation.
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With the use of (28), the flotation efficiency of the combined
model is

Ec ¼ 1−
R3
p

1þ Ub=Up

� �
Rp þ Rb

� �3 ¼ 1− 1−Ec−SUð Þ 1−Ec−FHð Þ; ðA3Þ

where the efficiencies Ec-SU and Ec-FH are efficiencies of Flint–
Howarth's and Sutherland's models considered independently,
given in (29) and (30).
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a  b  s  t  r  a  c  t

Bubble-particle  interaction  is  a common  phenomenon  that  is  used  in  numerous  industrial  applications,
and  the  knowledge  of contact  angles  is important  for  the  description  of  the expansion  of the  three-phase
contact  line.  In contrast  to drops,  the  capture  of bubbles  adhering  to  a solid  surface  is  an  extremely
rapid  process,  and  the  image  quality  that  can  be achieved  is  worse.  For  bubble  adhesion  on  a  slightly
inclined  plane,  different  curvature  radii  should  be  considered  on  the  upper  and  lower  bubble  sections
of  the three-phase  contact  line.  The  method  proposed  here  is based  on  the  assumption  that  the  ADSA-P
approach  could  be used  separately  for both  bubble  parts.

Bubble  motion  during  the adhesion  process  was  recorded  using  a high-speed  digital  camera,  and  points
ubble adhesion
nclined plane
DSA

located  on  the  bubble  boundary  were  detected  using  image  analysis.  The  bubble  was  divided  into  two
independent  parts,  and  the  ADSA-P  technique  for  contact  angles  of greater  and  less  than  90◦ was  applied
to  describe  the  bubble  shape.

The calculated  coordinates  of  the bubble  profile  were  compared  to  the  experimental  data,  and  an  excel-
lent  agreement  was  obtained.  The  proposed  methodology  could  improve  and  simplify  the  description  of
bubble-particle  interactions  on non-horizontal  surfaces.
. Introduction

Contact angles have been a subject of interest in both pure
nd applied sciences. Contact angles are also used to character-
ze the wettability of materials in many industrial applications. The
road relevance of this topic has led to a great deal of develop-

ent in measurement techniques. The overwhelming majority of

hese techniques is focused on the description of the shape of a
essile liquid drop and on the measurement of the contact angle
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of a drop placed on a horizontal, flat, and homogeneous surface.
The simplest “direct” method involves aligning a tangent with the
sessile drop profile at the point of contact with the solid surface. A
summary of other conventional techniques may  be found in more
detailed reviews [1]. During the last few decades, the incorporation
of computer tools has led to the development of new methodolo-
gies. In the present day, methods such as ADSA (axisymmetric drop
shape analysis) and APF (automated polynomial fitting) enable the
measurement of contact angles with a reproducibility of ±0.2◦ [1].
The first axisymmetric drop shape analysis was  conducted by
Bashforth and Adams [2]. They tabulated drop profiles for liquids
with various surface tensions and radii of curvature at the drop
apex. Since that time, the methodology has undergone constant
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mprovement, and computer calculation of the drop profile has
een adopted. In general, ADSA methods provide a contact angle
y finding a numerical axisymmetric solution of the Young–Laplace
quation with given experimental parameters (drop volume, den-
ity, diameter, height, capillary length, etc.) and then calculating the
lope of the tangent to the drop surface at the liquid–solid–vapor
nterface line. Huh and Reed [3] developed the methodology for
escribing the profile of a drop with a contact angle of greater
han 90◦. Rotenberg et al. [4] developed a powerful technique
alled ADSA-P (axisymmetric drop shape analysis-profile), which
ts points of the experimental profile to a theoretical Laplacian
urve using a nonlinear procedure. The objective function is the
um of the squares of the normal distances between the measured
oints and the calculated points; one of the independent variables
f the objective function is the coordinates of the origin (the drop
pex). Skinner [5] modified the basic ADSA method into the ADSA-
D (contact diameter), which is based on the measurement of the
ontact diameter of the drop from the top view. This method is suit-
ble for drops with contact angles of less than 20◦ for which other
ethods fail. Cheng [6] improved the ADSA-P method by introduc-

ng the automatic digitalization of images. He incorporated image
re-processing into the ADSA procedure. Finally, del Rio [7] sum-
arized the ADSA-P method for the calculation of contact angles of

reater and less than 90◦, thereby developing the second genera-
ion of ADSA methods, which utilize more efficient algorithms, e.g.,
sing the curvature at the apex instead of the radius of curvature
nd using the angle of vertical alignment as an optimization param-
ter. Prokop et al. [8] used the ADSA-P method to study a captive
ubble after the equilibrium state was reached. This method is often
ecommended for liquids or solutions with a low surface tension,
n which case the classical pendant drop method fails. At present,

 great deal of effort is also being dedicated to the improvement of
mage quality and analysis [9].

APF (automated polynomial fitting) methodology utilizes new
ools of high-resolution image analysis. The contact point is cap-
ured in detail, and the drop shape is described using a suitable
olynomial fitting module. This technique can also be used for
on-axisymmetric drops. The drawback of this technique is the
ecessity of recording high-quality images with detailed resolu-
ion close to the contact point. For example, the method of Chini and
mirfazli [10] is based on the sub-pixel polynomial fitting principle,

n which points along the bubble edge are replaced with a poly-
ome. According to the authors’ conclusions, an excessive increase

n the number of pixel points beyond the plateau region could result
n an error in contact angle estimation because of the polynomial’s
nability to trace the drop boundary shape.

At present, the development of more precise experimental tech-
iques for determining the liquid drop profile and the growing
emand for probing smaller scales or achieving quicker processes
equire the development of novel numerical methods that can go
eyond the axisymmetric approximation for the shape of a drop.
n important application is the description of the drop or bubble
hape on an inclined plane. In 1979, Brown et al. [11] described the
hape of a static drop on a tilted surface using the finite element
ethod. The finite element method was also used by Iliev [12,13]

or the general description of a sessile drop shape. The goal of this
ethod is to determine the shape and the local contact angles along

he contact line for an a priori contact line, volume, and capillary
ength. The equilibrium drop shape forms as a result of the influ-
nce of the surface tension and gravitational forces. The surface is
escribed as Laplacian and minimal. Rotenberg et al. [14] have used
he finite element method to predict the shape of a drop slowly

liding down a sloping plane. They described the boundary condi-
ions along the contact line in the form of a functional relationship
etween the contact angle and the velocity of the three-phase line.
ther authors have dealt with the shapes of critical drops, e.g., the
ochem. Eng. Aspects 441 (2014) 709– 715

determination of the maximum drop volume. Nguyen [15] has sug-
gested predicting the critical drop volume based on the knowledge
of receding and advancing contact angles. El Sherbini [16,17] has
developed a method for drop-shape approximation on a tilted plane
using two circles fitted to the drop contour line. This method is used
primarily for the estimation of the contact angle of critical drops.
Finally, Dupont and Legendre [18] have introduced a novel numer-
ical macroscopic-scale method based on the implementation of a
sub-grid description of the contact line that relies on imposing an
apparent angle for static and moving contact lines.

All the methods mentioned above were proposed primarily
for the description of sessile axisymmetric or non-axisymmetric
drops. Although, the descriptions of both drop and bubble shapes
are based on the same theoretical background; the literature con-
cerned with the description of bubble shape in various industrial
applications is scarce. Flotation, which is an example of an impor-
tant separation method, is based on the ability of certain solids to
remain attached to the bubble interface. Flotation was originally
used for the separation of coal or mineral ore particles from mined
ore deposits. Currently, it is also used for waste-water treatment
and for the separation of oil sands, print inks in paper recycling
and various plastic materials; in the latter case, the bubbles are
smaller than the solid particles. Bubble attachment to a solid sur-
face is the fundamental process of bubble-particle interaction. The
attachment process begins with the drainage and rupture of the
liquid film between the bubble and the particle, and it continues
with the establishment and enlargement of the three-phase con-
tact (TPC) line until its equilibrium state is reached. The contact-line
expansion can be described using mathematical models such as the
hydrodynamic and molecular-kinetic models [19,20]. Both mod-
els relate the dynamic contact angle to the TPC line velocity, and
knowledge of the time dependence of the contact angles is essen-
tial for the TPC-velocity and TPC-diameter calculations. For a small
bubble adhering to a horizontal plane, Phan [19] considered the
bubble shape to be spherical. In such a case, the contact angle can be
calculated using a simple mathematical relation that describes the
intersection of a plane and a sphere. However, this assumption is
inapplicable for larger deformable bubbles adhering to a horizontal
or even an inclined plane.

When images of a sessile drop and a sessile bubble are compared,
the quality of the bubble image is usually lower. This is because the
experimental apparatus is more complex. Bubble adhesion is cap-
tured using a high-speed camera, which requires a powerful light
source. The light rays penetrate through the vessel material and the
liquid bulk, so light reflection at both the solid-liquid and gas-liquid
interfaces must be considered. Therefore, the analysis of the image
data of the area near the three-phase contact point is accompanied
by an increase in experimental error, and the application of the APF
method is not recommended.

The aim of this project is to design a new methodology for the
relatively simple and rapid calculation of bubble contact angles. The
method proposed here is based on the assumption that the ADSA-P
method can be used separately for two  (upper and lower) bubble
sections of differing curvature radii.

2. Theoretical description of the bubble shape on
horizontal and inclined planes

The process of bubble adhesion on an inclined plane is illustrated
in Fig. 1, together with the time information. The moment of three-
phase-line establishment was  defined as the zero time. Because of

prior bubble motion along the plane and bubble inertia, the bub-
ble’s center of gravity moves forward, and then the bubble center
oscillates around its equilibrium position. Initially, bubble adhe-
sion is characterized by a rapid increase in the contact angle. Not
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Fig. 1. Sequence of photos showing bubble adhesion to a plan

ong afterward, the contact angle increases slowly until the equi-
ibrium contact angle �eq is reached. In contrast with a drop placed
n an inclined plane, the bubble appears nearly spherical through-
ut the entire adhesion process, and the differences between the
pper �u and lower �l contact angles are small. In classical termi-
ology, where contact angles are conventionally measured through

iquid, the bubble’s upper contact angle �u would be described as
he advancing angle, and the lower contact angle �l would be the
eceding angle. In pure water or dilute aqueous solutions, the bub-
le size is close to the bubble capillary length a, which is defined as

 = (�/(�l − �g)g)0.5. Here, �l denotes the liquid density, �g denotes
he gas density, and � denotes the liquid’s surface tension. Under
he above-mentioned conditions, surface forces are expected to
xert an important influence.

Because of plane inclination, different curvature radii should be
onsidered on the upper and lower bubble sections of the TPC line.
or small inclinations, the bubble remains nearly spherical, and the
ifference �u–�l does not exceed 5◦. We  assume that it is possi-
le to divide the bubble into two independent parts. Each part is
ssumed to be axisymmetric and can be described using the ADSA-P
echnique. The bubble is divided using a straight line that is per-
endicular to the inclined plane and intersects the bubble surface at

ts most distant point. A schematic illustration is provided in Fig. 2.
his condition is later set as a boundary condition. The bubble is
bserved from the side view, and a two-dimensional description is
onsidered. Points located on the bubble boundary are detected via
mage analysis. The ADSA-P technique differs for bubbles with con-
act angles of greater or less than 90◦; therefore, both approaches
re described below.

.1. ADSA-P method for a bubble with a contact angle of less than
0◦

This procedure was originally proposed for drops with contact
ngles of greater than 90◦ [3] and could also be used for bubbles
ith contact angles of less than 90◦. The calculation is based on the

aplace–Young equation, which describes the pressure difference
cross a curved interface. It is convenient to write equations for
he bubble shape in a Cartesian system with two  dimensionless
ariables x and y in terms of the slope angle of the meridional curve,
 = tan−1(dy/dx):

dx

dϕ
= cos ϕ

y + 2
b0.5 − sin ϕ

x

(1)

Fig. 2. Scheme of bubble separation into two  independent parts.
 an inclination angle of 20◦. The bubble diameter is 0.44 mm.

dy

dϕ
= sin ϕ

y + 2
b0.5 − sin ϕ

x

(2)

x = rc0.5 (3)

y = zc0.5 (4)

b = ˇ2c (5)

The initial conditions are x(0) = y(0) = 0. Here, x and y are dimen-
sionless coordinates, r and z are real coordinates, b and c are
parameters, and  ̌ is the initial bubble curvature. A schematic illus-
tration of the bubble profile is provided in Fig. 3A. The calculation
is performed sequentially, and the value of parameter b is gradu-
ally increased throughout. For each step, the objective function R is
determined:

R =
∑n

i=1
d2

[
(ri, zi) ,

{
r (b, c) , z (b, c)

}]
(6)

After a local minimum of R is reached, the new value of param-
eter c is calculated.

c0.5 = xe/re (7)

The procedure continues until the objective function is minimal.
Finally, the resulting curve that best fits the experimental data is
selected. In Eq. (6), index i denotes the experimentally obtained
points. In Eq. (7), the index e indicates a location on the equator
(the point on the bubble edge corresponding to ϕ = 90◦). Finding
the coordinates for ϕ = 90◦ and the related calculation of the “new”
parameter c is a very important step in ensuring that the curve is
“attached” correctly at this point and that the final contact angle is
less than 90◦.

2.2. ADSA-P method for a bubble with a contact angle of greater
than 90◦

The mathematical description of a bubble with a contact angle of
greater than 90◦ follows the Rotenberg method [4]. The calculation
is once again based on the Laplace–Young equation. The model is
defined by a system of equations with dimensionless variables x
and y (the horizontal and vertical directions, respectively), and the
independent variable is the arc length s. A schematic illustration is
provided in Fig. 3B.

dx

ds
= cos ϕ (8)

dy

ds
= sin ϕ (9)

dϕ

ds
= 2 + by − sin ϕ

x
(10)

r

x =

ˇ
(11)

y = z

ˇ
(12)
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Fig. 3. ADSA-P method for a bubble with a contact angle of less than 90◦ (detail A) and greater than 90◦ (detail B).
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symmetry axis, are visible at a time of 1 ms;  after 15 ms,  it can be
observed that equilibrium had almost been achieved. The ADSA-P
method was applied separately for both parts of the bubble, and the
 = S

ˇ
(13)

 =
(
�l − �g

)
gˇ2

�
(14)

The initial conditions correspond to the origin, i.e.,
(0) = y(0) = �(0) = 0. As in section 2.1, x and y are dimension-
ess coordinates, r and z are real coordinates, b is a parameter,
nd  ̌ is the initial curvature radius. The subsequent calculations
re performed following a procedure similar to that described
bove. Parameter b is changed, and the objective function is deter-
ined; the calculation is finished when the objective function is
inimal.

. Experimental

The experimental measurements were performed in a glass
otation cell (5.5 cm in height, 8 cm in width, 6 cm in depth). Sin-
le bubbles with diameters from 400 to 700 �m were created
sing a bubble generator built following the design of Vejražka
21]. After undergoing free motion in a stagnant liquid, the bub-
le collides with the solid surface. A glass slide was  placed on a
rism with a horizontal or inclined plane (inclination angle of 10◦,
0◦, or 30◦). The glass was  silanized using dimethyldichlorsilan,
CH3)2SiCl2 (Sigma–Aldrich, Silanization solution I). According to
isman’s method, the solid surface energy �sg of the silanized glass
as 23.1 mN/m.  The experiments were conducted in pure distilled,

e-ionized, and de-mineralized water at 26 ◦C. The surface tension
f the water was 71.6 mN/m,  its pH value was 6.13, and its con-
uctivity was 1.6 �S/cm. An equilibrium contact angle of 97.8◦ was
easured using the ADSA-P technique for a sessile water drop on

his surface.
Bubble motion prior to the collision with the solid par-

icle and during adhesion was recorded using a high-speed
igital camera (Redlake Motion Scope M2;  2000 fps, resolu-
ion of 1280 × 256 pixels, calibration of the optical system
.44–4.94 �m/px) with a Navitar macro objective. For each
equence, between 500 and 1000 frames were collected. The
mage-analysis software NIS-Elements was used for the detection
f point coordinates around the bubble. The original image was
hresholded, and a reference image with a marked inclined plane

as added. After overall contour detection, part of the inclined

lane was subtracted, and the bubble contour was obtained along
ith the coordinates of each pixel. Further calculations were per-

ormed using MATLAB software.
4. Results and discussion

A typical experiment is illustrated in Fig. 1. The adhesion of a
bubble with a diameter of 0.44 mm to a plane with an inclination
angle of 20◦ is depicted here. The entire sequence consists of 560
images; here, only a few images are selected. After the rupture of
the thin liquid film (defined to be at zero time), TPC line expansion
accompanied by a rapid increase in the contact angle was observed.
After 0.1 s, equilibrium had nearly been achieved. The sequence was
interrupted after 0.3 s. At this time, the bubble shape was stable, and
the upper and lower contact angles did not change for more than
0.1 s. The bubble profiles that correspond to the original images
shown in Fig. 1 are plotted in Fig. 4. Because of the camera rota-
tion, the plane seems to be horizontal. In fact, the inclination angle
was 20◦, and the lowest point on the bubble contour corresponds
to the most distant point, where the bubble was separated into
two parts. The experimental data obtained using image analysis
are represented as points. Shape oscillations, which can be seen in
Fig. 4 as varying distances of the bubble boundary points from the
Fig. 4. Bubble profiles at selected times. Comparison of experimental (points) and
calculated (lines) data. The inclination angle of the plane was 20◦ , and the bubble
diameter was 0.44 mm.
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Table  1
Summary of experimental equilibrium upper contact angles �u, lower contact angles �l , differences �� = �u – �l , experimental diameters of the three-phase contact line dTPC,
calculated theoretical angles �sphere, calibration and variation.

db (mm) Plane inclination 0◦ 10◦ 20◦ 30◦

0.44 �upper (◦) 94.7 92.8 87.2 81.8
�lower (◦) 94.6 93.9 88.4 83.8
��  (◦) −0.1 1.1 1.2 2.0
dTPC (mm) 0.590 0.581 0.552 0.529
�sphere (◦) 97.3 95.6 89.5 84.7
Calibration (�m/px) 2.69 2.43 2.20 2.71
Variation (�m) 4.21 4.21 3.88 4.70

0.56  �upper (◦) 93.8 94.8 76.6 88.0
�lower (◦) 93.7 96.0 78.3 89.6
��  (◦) −0.1 1.2 1.7 1.6
dTPC (mm) 0.751 0.738 0.703 0.662
�sphere (◦) 97.3 95.2 89.6 82.9
Calibration (�m/px) 3.02 3.03 2.69 2.69
Variation (�m) 5.31 5.70 5.37 4.74

0.63  �upper (◦) 94.5 98.1 88.7 88.7
�lower (◦) 94.6 99.0 90.0 90.4
��  (◦) 0.1 0.9 1.3 1.7
dTPC (mm) 0.842 0.829 0.787 0.752
�sphere (◦) 97.0 95.1 89.1 84.0
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Calibration (�m/px) 3.48
Variation (�m) 5.21 

ontact angles were calculated. The calculated data are depicted in
ig. 4 as lines. The agreement between the experimental and cal-
ulated data is very good. The method was also tested on a water
rop placed on the inclined plane with an inclination of 15◦. Using
he suggested method, the advancing contact angle was found to be
0.1◦, and the receding angle was 52.0◦. These data were compared
o the direct measurements, from which we obtained 70.9◦ for the
dvancing angle and 52.4◦ for the receding angle. The agreement is
ery good.

The equilibrium contact angles and statistics for both horizon-
al and inclined planes are summarized in Table 1. The upper and
ower contact angles (�u and �l, respectively) and the difference
�  = �u − �l were calculated as average values over more than 3

ubbles. For each bubble, at least 300 images were used for this sta-
istical processing. The contact angles calculated for the initial stage
f bubble adhesion were not considered for the statistical treat-
ent. Furthermore, the average variation for the entire sequence

s listed alongside information regarding the optical calibration. The
ariation was calculated as follows:

ariation = 1
n

n∑
i=1

√(
ri,exp − ri,teor

)2 +
(
zi,exp − zi,teor

)2
(15)

Here, n is the number of experimental points around the bubble
dge. The experimental equilibrium diameter of the three-phase
ontact line dTPC is listed, as well. These diameters were obtained
sing the image-analysis software. This diameter was  used for
he calculation of the theoretical contact angle �sphere under the
ssumption of a strictly spherical bubble shape. The spherical cap
hat represents the adhered bubble and has the same volume as the
ubble can be described as a portion of a sphere cut off by a plane.
he diameter of the cap’s base is than equal to dTPC.

According to Young’s equation, on horizontal and flat surfaces,
he equilibrium contact angles on opposite sides of the bubble
hould have identical values. This condition was  fulfilled. With
ncreasing plane inclination, the upper and lower contact angles
�u and �l, respectively) decrease significantly. The values fluctuate
lightly for different bubble sizes. Inconsistent data were obtained

or db = 0.56 mm (  ̨ = 20◦) and db = 0.63 mm  (  ̨ = 10◦), which we
ttribute to different wettabilities or roughnesses of the prepared
olid surfaces. According to the theoretical assumptions, for the
onsidered bubble diameters, the influence of the bubble size
3.02 3.47 4.05
5.37 5.21 7.18

should not be significant. It should be necessary to consider such a
correction only for large drops, for which gravity forces should be
dominant over surface forces. In general, the difference ��  = �u – �l
increases with increasing plane inclination. The average difference
reaches 2◦ for an inclination angle of 30◦. In fluid mechanics, the
capillary length a characterizes the mutual relation between the
gravitational/buoyancy acceleration and the surface force due to
the liquid surface tension. For clean water and air at standard tem-
perature and pressure, a is approximately 2 mm.  A capillary surface
whose largest dimension is much smaller than the capillary length
will take the shape of a spherical cap, which is the solution to the
Young–Laplace equation when buoyancy is completely neglected.
For bubbles with diameters from 0.5 to 0.9 mm,  the influence of
surface forces is dominant over the influence of gravity, but the
omission of buoyancy is not justified. The difference between the
obtained equilibrium contact angle � and the theoretical angle
�sphere on the horizontal surface demonstrates the necessity of tak-
ing buoyancy into account. For inclined planes, the Young–Laplace
equation is not valid, and the influence of the buoyancy force on
the upper bubble edge is increased.

In the case of an inclined plane, the decrease in the contact
angles is related to the decreased diameter of the three-phase line.
The experimental contact angles (both �u and �l) differ significantly
from the theoretical angles calculated for an absolutely spherical
bubble cap. The maximum difference is 6◦. Based on the obtained
results, it is found that it is insufficient to approximate the bub-
ble shape with a sphere and to assume equal contact angles for all
plane inclinations.

According to the data in Table 1, the variation increases slightly
with increasing bubble size. In fact, the sum of squares in Eq. (15)
is dominated primarily by a calculation error that arises close to
the three-phase contact point. The number of experimental points
increases during bubble adhesion. The average maximum number
of experimental points is 50 points for a small bubble and 60 points
for a large bubble. The variation ranges from 4 �m for small bubbles
to 5–6 �m for large bubbles and does not exceed the experimental
error, which corresponds to 1.5–2 pixels. We  believe that this accu-
racy is sufficient. More precise contact angles might be obtained if

the image quality were to be increased.

The method described above is focused primarily on the descrip-
tion of the shape of a bubble during its adhesion on a solid surface.
In Fig. 5, the time evolution of the contact angle is illustrated for
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Fig. 5. The time dependence of the contact angles for plane in

 bubble with a diameter of 0.44 mm.  Data for bubble adhesion on
 horizontal plane (circles) and on planes with inclination angles
f 10◦ (triangles), 20◦ (squares), and 30◦ (rhombi) are summarized
ere. The data depicted here belongs to a single experimental set,
ut the obtained contact angles do not differ significantly from
he average values calculated from data obtained for at least four
ubble-adhesion sequences. For the horizontal plane, the data are
elatively smooth. A bubble in a stagnant liquid rises with a fairly
apid velocity, and after collision with the solid surface, single
r even multiple bubble rebounds are observed. This rebound is
ccompanied by bubble oscillations, which are primarily in the ver-

ical direction. The oscillations are symmetric, so their influence on
he contact angle is relatively minor. After a sufficiently long time
approximately 60 ms)  the bubble motion decreases, and the con-
act angle is close to its equilibrium value. When the bubble moves

Fig. 6. The time dependence of the contact angles for plane incl
ions of 0◦ , 10◦ , 20◦ and 30◦ and a bubble diameter of 0.44 mm.

along an inclined plane, the establishment of the TPC line is again
very rapid, and this process is accompanied by the motion of the
bubble’s center of mass in the direction of its previous movement.
Therefore, we observe bubble oscillations in the planes both per-
pendicular and parallel to the solid surface. The parallel motion
has a significant influence on the contact angles. This influence is
apparent in Fig. 5, where for times smaller than 70 ms,  the values of
the upper and lower contact angles oscillate. For times greater than
100 ms,  the bubble shape remains almost stable, and only insignif-
icant changes in the contact angles are observed. The differences
�� = �u – �l are clearly visible, but they do not exceed 4◦ in the rapid

phase of the TPC expansion. Close to the equilibrium, the difference
reaches a maximum of 2◦.

Similar results were also obtained for larger bubbles with a
diameter of 0.63 mm.  Selected data for a horizontal plane and plane

inations of 0◦ and 20◦ and a bubble diameter of 0.63 mm.
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f inclination 20◦ are presented in Fig. 6. The time scale is extended
p to 150 ms.  A larger bubble is more affected by oscillations, which

s clearly visible in the case of the horizontal plane, where the
ontact angle in the beginning of the slow adhesion phase varies
eriodically. The oscillations are suppressed after approximately
00 ms.  According to Zedníková [22] and Vejražka [23], the fre-
uency of such oscillations is subject to meaningful interpretation,
nd it can be described using mathematical models. During bubble
dhesion on an inclined plane, the bubble shape changes irregu-
arly. The differences ��  = �u − �l are significant, and in some cases,
hey are as large as 6◦ in the rapid phase of TPC expansion. For one
uch specific case, we attempted to use the classical ADSA method
or the description of the shape of the entire bubble, but the cal-
ulation did not converge. The contact angles were also measured
anually using the direct method, and the data agreement was

ery good. In fact, the application of the direct method is unsuit-
ble for sequences that contain up to 1000 images; it was used only
s a comparative method. The bubble oscillations were found to be
early suppressed after 100 ms,  and after 150 ms,  the bubble was

ound to achieve and retain its equilibrium shape. Similar results
ere obtained for the plane with an inclination of 30◦.

. Conclusion

The description of the shape and contact angles of a bub-
le adhering to a slightly inclined solid surface is essential for
he description of the expansion of the three-phase contact line.
lthough the bubble appears nearly spherical, an approximation
f a strictly spherical bubble cap leads to incorrect contact angles.
hen compared with experimental results, this difference can be

s large as 6◦. The classical methods based on ADSA methodology
onsider an axisymmetric bubble shape, but this requirement is not
ulfilled on inclined planes. The method proposed here is based on
he assumption that the ADSA-P approach could be used separately
or the upper and lower bubble sections, which have different cur-
ature radii of the TPC line. The difference between the equilibrium
pper and lower contact angle increases with increasing inclination
ngle and reaches 2◦ for an inclination of 30◦. In the rapid phase
f bubble adhesion, the difference can be as large as 6◦ because
f non-symmetric bubble oscillations. Each time, the calculation
f the contact angles converged; a very good agreement between
he calculated and experimental contact angles was  obtained. The
ccuracy is consistent with the experimental error. Therefore, the
roposed method could improve and simplify the description of
ubble-particle interactions on non-horizontal surfaces.
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Bubble–particle interactions play an important role in many technological processes, e.g., in flotation.
Although mineral flotation involves fine particles, this work focuses on the interactions between a small
bubble and larger spherical particle and determining their collision efficiency. Based on the theoretical
and experimental work, a simple relation for estimating the collision efficiency is proposed. The calcu-
lated efficiencies are compared to a large set of experimental data and are found to be in excellent
agreement.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Particle–bubble interactions are a central issue in physico-
chemical hydrodynamics, surface forces, multiphase reactors and
the dynamics of wetting films and adsorption at liquid interfaces.
The mechanisms of bubble–particle interactions also control the
selectivity and efficiency of the flotation process (Dai et al.,
1998). Flotation is based on the ability of some solids to remain
attached to the bubble surface, and thus, the efficiency expresses
the probability that the bubble and particle will make contact
and become strongly attached. The basic principles of flotation
are currently utilized in many other industrial applications, such
as the separation of waste plastics (e.g., Fraunholz, 2004; Pascoe,
2005), where interactions between small bubbles and large parti-
cles are considered.

For a bubble to capture a hydrophobic particle efficiently, they
must first undergo a sufficiently close encounter. A number of
excellent reviews on determining the collision efficiency in mineral
flotation mostly consider the gravitational, inertial and intercep-
tion mechanisms (Nguyen and Schulze, 2004; Dai et al., 2000).
The collision efficiency Ec is then given by:

Ec ¼ 1� ð1� EgÞð1� EsÞð1� EiÞ: ð1Þ

Here, Eg, Es and Ei denote the efficiencies due to gravity, the inter-
ception mechanism and inertia, respectively. When a small bubble
– large particle interaction is considered, a similar description can
be utilized. The efficiency due to the bubble buoyancy Eb replaces
the gravity mechanism, and the Ec relation can be rewritten as:
Ec ¼ 1� ð1� EbÞð1� EsÞð1� EiÞ: ð2Þ

If the density of particles is greater than that of the surrounding
liquid, particles have a certain settling velocity and therefore their
trajectory deviates from fluid streamlines. This deviation may
cause particles to collide with the bubble surface (Miettinen
et al., 2010). For a Stokes number approaching zero, efficiency
due to the gravity mechanism Eg could be expressed by the rela-
tionship between the particle velocity Up and bubble velocity Ub

(Flint and Howarth,1971):

Eg ¼
Up

Ub þ Up
: ð3Þ

Simultaneously for bubbles, the efficiency due to the buoyancy
mechanism Eb is defined as:

Eb ¼
Ub

Ub þ Up
: ð4Þ

The collision of particles with the bubble surface by intercep-
tion is due to a flow which carries particles along the fluid stream-
lines. The particles come into contact with the bubble surface
because of their finite size. For mineral flotation, Sutherland
(1948) used this conception to lay the foundations for most of
the relations for the collision efficiency. This reasoning can also
be used for interactions between small bubbles and large spherical
particles, leading to an analogy of Sutherland’s expression for the
collision efficiency due to interception:

Es ¼ 1�
8D3

p

2Dp þ 2Db

� �3 : ð5Þ

http://crossmark.crossref.org/dialog/?doi=10.1016/j.mineng.2014.06.006&domain=pdf
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In mineral flotation, the inertial mechanism was often
neglected. This mechanism becomes dominant when the Stokes
number is greater than unity. In real flotation systems with inter-
mediate Stokes numbers, modern theories such as GSE (Dai et al.,
2000) consider both positive and negative inertial forces. For
potential flow, less complex models are preferred. Following
expression for the inertial efficiency Ei is recommended (Nguyen
and Schulze, 2004; Langmuir and Blodgett, 1945):

Ei ¼
Stb

Stb þ 0:5

� �2

: ð6Þ

The Stokes number Stb for a rising bubble near a large settling
particle is defined as:

Stb ¼
4
9

qlD
2
bUp

glDp
: ð7Þ

Recently, the collision process between a small rising bubble
and larger spherical falling particle was studied experimentally
and theoretically (Hubička et al., 2013). The published theoretical
model, which is based on an analysis of the forces acting on the
bubble, includes a differential equation for the bubble motion
and thus allows the bubble trajectory and velocity to be described.
In this work, we add new experimental data for a larger particle
and we focused on establishing a simple relation for estimating
the collision efficiency. The results are compared to a large exper-
imental data-set that includes varying particle sizes, settling veloc-
ities, bubble sizes, rising velocities and bubble surface mobility.

2. Experimental

Experiments were performed at 25 �C in pure water (de-miner-
alized, surface tension 71.6 mN/m) and in an aqueous solution of
the surface active agent terpineol (Fluka Company, concentration
187 mg/l, surface tension 63 mN/m). The particles were smooth,
spherical glass balls with diameters of 14.1 mm and 19.8 mm.
The experimental measurements were collected in a glass cell
(details in Hubička et al., 2013). Single bubbles were created using
a bubble generator. The bubble–particle interactions were
observed with a Redlake Motion Pro high-speed camera
(500 fps), which was fixed to the translating unit moving parallel
with the particle. The particle size, particle velocity (50 and
100 mm/s; controlled by computer), bubble surface mobility (pure
and contaminated water) and bubble size (Db � 0.5–0.8 mm) were
varied between the different data sets. The images were analysed
using NIS-Elements software, by which the bubble size, bubble
Table 1
Survey of the experimental collision efficiencies Ec with their corresponding particle diam

Mobile bubble surface

Dp (mm) Up (m/s) Db (mm) Ub (m/s)

14.1 0.050 0.500 0.105
14.1 0.050 0.596 0.142
14.1 0.050 0.709 0.184
14.1 0.050 0.798 0.231
14.1 0.100 0.515 0.110
14.1 0.100 0.622 0.145
14.1 0.100 0.731 0.195
14.1 0.100 0.806 0.233
19.8 0.050 0.492 0.099
19.8 0.050 0.640 0.151
19.8 0.050 0.689 0.172
19.8 0.050 0.818 0.219
19.8 0.100 0.479 0.098
19.8 0.100 0.603 0.138
19.8 0.100 0.706 0.186
19.8 0.100 0.805 0.231
centre position and collision point were determined. Altogether,
32 sets of experimental data were obtained. For each experimental
set, the trajectories from at least ten bubble initial positions were
measured.
3. Results

The flotation efficiency is defined as the ratio of the number of
colliding particles to the total number of particles in the swept vol-
ume. In the present case of plastics flotation, the relative sizes of
the bubbles and particles are switched. The collision efficiency Ec

can be defined analogously as the ratio of the number of bubbles
colliding with the particle to the number of bubbles that would
collide if their trajectories were not deflected by the flow around
the particle. Similar to the case of mineral flotation (e.g., Nguyen
and Schulze, 2004), this efficiency can be determined from the
bubble grazing trajectory (with initial position x0,g), which distin-
guishes the trajectories of bubbles that encounter the particle sur-
face from those that do not. Based on a simple geometric
interpretation of the grazing trajectory, the bubble–particle colli-
sion efficiency is:

Ec ¼
2x0;g

Dp þ Db

� �2

� 1

k2 : ð8Þ

The parameter k characterizes the deviation of the bubble from
its vertical path, which is primarily due to the liquid flow around
the particle. This parameter was measured experimentally. On
condition that the frame of reference moves together with the par-
ticle and its origin is fixed in the particle’s centre, the horizontal
position of the bubble centre in its initial position (sufficiently dis-
tant from the particle) can be defined as x0 and simultaneously the
position of the bubble centre at the collision point can be charac-
terized by its horizontal position, xcol. Then parameter k is defined
as:

xcol ¼ kx0: ð9Þ

The linear dependence was confirmed both experimentally and
theoretically (Hubička et al., 2013). The approximate equality in
Eq. (8) can be used if the parameter k = xcol/x0 is independent of
x0; hence, x0,g � (Dp + Db)/2k. This assumption was confirmed for
the conditions considered here.

All the experimental results, including Dp, Db, Up, Ub and Ec, cal-
culated according to Eq. (8) are summarized in Table 1.

In mineral flotation, the collision efficiency is relatively low. Dai
et al. (2000) compared all significant theoretical models to the
eters Dp, settling velocities Up, bubble diameters Db and terminal velocities Ub.

Immobile bubble surface

Ec Db (mm) Ub (m/s) Ec

0.71 0.553 0.064 0.60
0.78 0.618 0.073 0.64
0.84 0.694 0.082 0.67
0.87 0.803 0.094 0.71
0.56 0.473 0.054 0.39
0.65 0.580 0.067 0.46
0.73 0.691 0.080 0.51
0.77 0.785 0.092 0.54
0.69 0.508 0.057 0.61
0.74 0.617 0.072 0.65
0.77 0.681 0.079 0.66
0.81 0.748 0.088 0.67
0.51 0.494 0.059 0.45
0.60 0.583 0.073 0.48
0.65 0.670 0.078 0.52
0.69 0.741 0.087 0.53
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232 P. Basařová, M. Hubička / Minerals Engineering 66–68 (2014) 230–233
experimental data. For example, the experimental Ec is 10% when
Db = 0.77 mm and Dp = 0.0006 mm. The interception mechanism
is known to be the predominant one whereas the influence of
the gravity mechanism is insignificant. When small bubbles and
large particles interact, the situation is completely different and
the probability of collision is high.

The parameter k characterizes the bubble deviation from its
vertical path caused by the flow around the particle. It primarily
depends on the particle velocity, bubble size and mobility of bub-
ble surface. The last two parameters determine the bubble termi-
nal velocity. If the parameter k is plotted against the ratio of
terminal bubble and particle velocity (Ub/Up) we obtain a single
master curve. It demonstrates the importance of the velocity ratio
as the dimensionless parameter controlling the collision process
between small bubbles and large particles (Hubička et al., 2013).
This linear dependence is consistent with the buoyancy model
(Eq. (4)).

In Fig. 1, all the experimental and theoretical data are summa-
rized. The dependence of the collision efficiency Ec on the ratio Ub/
Up is illustrated. The experimental efficiencies listed in Table 1 are
depicted as circles and rhombi. Data for bubbles with mobile or
immobile surface mobility are differentiated in the plot. The effi-
ciencies calculated using the theoretical model (Hubička et al.,
2013) are illustrated with squares. The efficiency calculated using
Eq. (4) is shown as the full black line. It is obvious that the Flint–
Howarth buoyancy model, expressed using the ratio Ub/Up, repre-
sents the experimental data up to Ub/Up ffi 0.4 perfectly but under-
estimates efficiencies for lower values. The accuracy could be
improved provided that the interception and inertia mechanisms
are included. Results are illustrated in Fig. 1 as crosses. Here, Ec

was calculated according to Eq. (2), where Eb, Es and Ei were calcu-
lated using Eqs. 4, 5, and 6 respectively. The agreement with exper-
imental data is evident.

Based on this large data-set, we attempted to summarize the
data and find a general, simple relation for a quick estimation of
collision efficiency. Based on the regression analyses, we obtained
the following equation:

Ec ¼
Ub=Up

1:02568 Ub=Up þ 0:74057
: ð10Þ
This relation is valid for Ub/Up P 0.40. The efficiencies calcu-
lated using Eq. (10) are illustrated with a full grey line. The coeffi-
cient of determination R2 = 0.99946 indicates very good agreement
between the estimated and experimental data. In the velocity ratio
range Ub=Up 2 h0:40;25i, the verified data exist; the average error
is 2.4% and the maximum error is 8.2%.

The suggested relation is also suitable for a lower velocity ratio
Ub/Up < 0.40, but the agreement might be worse. In this region, the
influence of inertial forces increases. Similar to the GSE model (Dai
et al., 2000), the theoretical model includes both positive and neg-
ative inertial forces. These forces become important close to the
particle equator having a substantial influence on the collision effi-
ciency and as a consequence efficiencies calculated using both Eqs.
(10) and (6) are lower in this region.

4. Conclusions

The collision of a small rising bubble with a larger spherical par-
ticle settling through a stagnant liquid was studied to determine
the collision efficiency. A simple estimation equation was proposed
based on a large experimental dataset and on efficiencies calcu-
lated using a theoretical model. The agreement between the esti-
mated efficiencies and experimental or calculated efficiencies is
very good.
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a  b  s  t r  a  c  t

This  work  studies  single  bubble–single  particle  interactions  of  interest  to  flotation  applications.  An exper-
imental  device  has  been  developed  where  a  standing  bubble  is approached  at  prescribed  flow velocity
by  an  aqueous  dispersion  of particles  –  much  smaller  than  the  bubble.  Two  separate  high-speed  cam-
eras  are  employed  to monitor  the  bubble  surface  from  two  different  Cartesian  directions  allowing  thus
a 3D  perspective  of particles  trajectories  and  collisions  with  the  bubble.  A special  feature  of the  device  is
that the velocity  of  the  suspension  and  the  size  of the bubble  can  be independently  adjusted  in a  range
of  values  that  corresponds  to  the flotation  process.  This  paper presents  experimental  trajectories  and
lotation
ubble–particle interaction
ollision
article trajectory

velocities  of  particles  as  they  approach  and  flow  past  a bubble.  A  theoretical  model  has  been  developed
to  describe  such  particle  trajectories  and  velocities.  Comparison  between  experimental  observations  with
model  predictions  allows  a detailed  assessment  of  governing  forces  and  better  understanding  of  their
contribution  to particle–bubble  interactions.  It  is  shown  that  microhydrodynamic  drag  has  a  distinct  role
in matching  experiments  with  predictions.
. Introduction

Interaction between solid particles and air bubbles in aqueous
olutions is of academic and practical significance. It is a typical
rocess in nature, but it also plays an important role in several
ndustrial applications. Flotation is one of these applications in
hich bubble–particle interactions constitute a key process; flota-

ion is a separation method used in the recovery of coal and valuable
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minerals from ores [1], in the removal of pollutants from waste
waters [2], de-inking of paper in recycling of wastepaper [3], recov-
ery of plastic mixtures in recycling plastic waste [4], etc. Flotation
is often employed to separate hydrophobic from hydrophilic parti-
cles in an aqueous suspension by introducing air bubbles into the
suspension. After attaching to air bubbles, hydrophobic particles
are dragged upwards by rising bubbles and form a froth at the top
of the suspension [1,5].
Although flotation is known for very long time, a systematic
analysis of the governing sub-processes has attracted attention the
last 50 years only. The main individual elementary steps of flotation
are (a) collision of a solid particle with a bubble, (b) attachment of a
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tains particles in suspension for the pump to re-circulate them. The
overall view on the device is shown in Fig. 1. The total volume of
6 Z. Brabcová et al. / Colloids and Surfaces A

article to a bubble and (c) detachment of a particle from a bubble.
roper description of these steps is essential for the determination
f the efficiency of the flotation process and the determination of its
inetics [1,6]. Understanding and thus controlling the interaction
etween colliding particles and bubbles has proved very important
o achieve successful attachment of particles onto bubbles [7].

Bubble–particle encounter includes many kinds of interactions
nd forces – hydrodynamic, gravitational, surface and capillary. The
hree identified sub-processes (collision, attachment, detachment)
re not entirely discrete, but rather grade one into another [7].
owever, the governing forces are independent of each other so

ollision, attachment and detachment can be treated separately
nd thus modelling of each sub-process is simplified. The colli-
ion sub-process starts already from the approach of a particle to
ncounter a bubble that is governed by the liquid flow and the rel-
tive motion between the bubble and the particle. Particle/bubble
rajectories determine whether an encounter will occur. Collision is
ictated by the zonal boundary between long-range hydrodynamic

orces and short-range interfacial interactions. It is only when a
article approaches a bubble at a shortest separation distance that
hort-range forces (atomic, molecular, surface) take control, and
he attachment process starts [8]. Collision efficiencies are usually
omputed through trajectories calculation. Although the trajectory
alculation is an old issue in flotation modelling [1], only recently
icrohydrodynamics has been incorporated in this [7,9].

In past studies of bubble–particle collision, bubbles with immo-
ile surface have been mostly considered on the premise that
urfactants and impurities adsorb on a bubble surface making it
mmobile [1,10]. In recent years, however, research has turned also
n a collision of particles with mobile bubble surfaces [10–12]. The
rgument for this is pretty clear: adsorption of surfactant at the sur-
ace of a rising air bubble is a dynamic process, contaminants are
wept to the rear surface of the bubble and thus, the forward part
f the bubble remains mobile, whereas the surface contamination
orms an immobile stagnant cap at the rear [13].

Only a few attempts have been reported in the literature aiming
o investigate isolated bubble–particle collision and attachment. In

ost of these studies, a bubble is pinned at the tip of the capil-
ary, and its surface is recorded by a high-speed camera while it is
pproached by particles settling inside a stagnant liquid [7]. Such
xperiments do not consider liquid flow so particles collision with
he bubble is determined solely by particles settling velocity. A few,

ore ambitious, attempts employed a moving high-speed camera
hat can follow in real time the rising motion of a bubble in stagnant
iquid [12]. The latter is much closer to a real flotation situation, e.g.,
AF tanks, but it proved extremely difficult to track a rising bub-
le and at the same time keep its surface in focus. Slight lateral
otion of the bubble and inevitable hydrodynamic disturbances

re enough to drive images out of focus.
This work is about experimental trajectories and local veloci-

ies of small spherical particles flowing around a large spherical
ubble. The presently reported trajectories/velocities are those of
elatively large particles – still smaller than the bubble – that

ove chiefly under gravitational settling. In order to describe par-
icle trajectories/velocities a theoretical model has been developed
ncorporating the effects of governing forces, e.g., gravity, iner-
ia, microhydrodynamic drag. Reynolds numbers of the liquid flow
anks to intermediate values and thus it is not possible to use either
tokes or potential flow for its description. The improvement in
ow field description (composite flow) field is also presented in
his paper. It is noted that the model developed here is not the

ain scope of the present work, but it is a tool for the explanation
f experimental data. Despite this, the model is a state-of-the-art
ince for first time, particle trajectories are calculated including

ydrodynamics for the flow field different from the two idealized
nes (Stokes and potential flow).
Fig. 1. Schematic of the experimental set-up with the detail of the injection device.

2. Experimental

The apparatus used in this project is the opposite of conven-
tional flotation apparatuses; instead of having many bubbles rising
through dispersed particles floating freely in the liquid, the situa-
tion is simplified and reversed. A single bubble is kept at a fixed
position, and the suspension of particles moves against it. The bub-
ble is created at the tip of a vertical capillary tube of external
diameter of 600 �m.  To make the bubble two  syringes are used
– one small and one large – connected to the capillary tube by a
three-way valve in order to enable manipulation of bubbles size.
The large syringe is used to blow a bubble out of the capillary ini-
tially, whereas the small syringe is used to adjust the bubble size at
a desired level. The three-way valve is also connected to a pressure
transducer to monitor the internal bubble pressure by which the
system’s stability is assessed. Connecting the bubble, the three-way
valve, the syringes and the pressure transducer by small diameter
(1 mm)  short length tubes increase the stability of the system but
diminish its dynamic response to pressure fluctuations.

The approaching velocity of particles to the bubble is adjusted
by a pump in combination with a control valve. Particles are dis-
persed in water inside a small reservoir where the desired amount
of particles, surfactant and liquid are mixed. Right after mix-
ing, the suspension is pumped through narrow tubes (diameter
5 mm,  to maintain particles in suspension) to the top of a ver-
tical glass column (1.5 m height overall) having a large square
cross-section (4 cm × 4 cm). As the suspension enters the glass col-
umn  the cross-section of the flow increases largely and so the
flow velocity decreases drastically. In addition, the flow passes
through a bundle of narrow tubes (10 cm long, 2 mm  diameter)
meant to damp swirling motion of particles and excessive liq-
uid eddies. The ensuing smooth flow moves downwards against
the bubble fixed at location 3 (Fig. 1). This is the location where
particle trajectories around the bubble are registered by two  high-
speed cameras (Motion BLITZ EoSEns Mini2, RedLake MotionScope,
500 fps) shooting simultaneously from perpendicular directions.
The two cameras configuration permits capturing bubble/particle
activities in every direction. Sufficient cold diffuse lighting is
employed to illuminate the bubble and approaching particles so
as to use high aperture values that increase the depth of view field.

After going past the bubble, the suspension enters a big Plexiglas
tank at the bottom of the apparatus where an axial impeller main-
the device is 8.6 l; the length of the column from its top down to
location 3, is 1 m.
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ig. 2. Spherical particles of polystyrene crosslinked with divinylbenzene (Micro-
ore Technologies Ltd.) as observed by a microscope.

The experiments shown in this work are performed using
pherical hydrophobic particles (polystyrene crosslinked with
ivinylbenzene, (Micropore Technologies Ltd.) with an average
iameter dp = 330 �m,  �p = 1050 kg/m3, Us = 3.1 mm/s). Although
he average size of particles is 330 �m,  particle sizes are distributed
n a finite range of values (Fig. 2). Therefore, in the calculations that
ollow the actual size of each particle is used as recorded by the
ameras. The test liquid is an aqueous solution of surface active
gent (SDS, sodium dodecyl sulphate) at a concentration of 50 mg/l.

his concentration is typical for flotation processes and is consid-
red enough to make particles hydrophobic [1,14]. The presence of
urfactants has a significant influence on the bubble surface. Nev-
rtheless, for sizes of bubbles used during the experiments shown

Fig. 3. The interaction between a spherical particle and the bubble observed by 
icochem. Eng. Aspects 473 (2015) 95–103 97

in this paper and the very low concentration of surfactant used, the
surface of the bubble is usually considered mobile. The bubble in
the presence of the SDS solution of the concentration used shows
the partially immobile surface according to Krzan and Malysa [15]
who used the solution of SDS of similar concentrations. The same
conclusion may  be also deduced from the comparison of the termi-
nal bubble velocity; it ranks to the area of the partially immobile
surface as provided in [16].

The bubble was formed just exactly before taking the video of
the interaction and due to the motion of the liquid, surfactants that
could attach to the bubble surface were swept to the rear of the
bubble and thus, its surface remained practically clean with the
Marangoni effect not being strong enough to alter the velocity field
around the bubble. The mobility of the bubble surface was  checked
by the evolution of the velocity in dependence on the position as
seen in Fig. 7.

Video sequences of particles colliding with bubbles of different
diameter (500–1700 �m) under different flow rate (liquid velocity
in the column 0–8 mm/s) are obtained. An example is shown in
Fig. 3.

The image analysis software NIS-Elements is used for the detec-
tion of particle trajectories. Original sequences are represented by
images in the .bmp format; it enabled to cut unnecessary images
(images with no particles) and then to create a video in the desired
format (.nd2). The calibration of distances on images is based on
the diameter of the capillary (600 �m),  the bubble with the cap-
illary is marked and excluded from the range of interest. Videos
are thresholded and using methods of image analysis, the posi-
tion of the centre of the particle in every image is obtained. These
positions characterized by the x- and y-coordinates are measured

and exported for the following calculations. The velocity is cal-
culated from the trajectory as the change of the particle position
as a function of time (the time difference between two images
is 2 ms).

the high-speed camera. Images represent a sequence separated by 40 ms.
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ig. 4. Illustration of the interaction of a falling particle and a stagnant bubble.

During the present experiments, collision of particles with the
ubble is observed at different flow regimes but adhesion of parti-
les on the bubble surface is never observed. This is most likely due
o the low SDS concentration. However, such low SDS concentra-
ion was necessary to study particles trajectories around a mobile
ubble surface which is indeed the scope of our work.

. Theoretical

.1. Equations for the particle motion

The quantification of particle–bubble collision outlined in
ig. 4 requires solving the full equation of particle motion
round the bubble surface. Successful modelling of particle motion
nables the calculation of bubble–particle collision angle and
lso of the encounter efficiency. Traditionally, it begins with the
asset–Boussinesq–Oseen (BBO) equation described as [1,13]
p
d �V
dt

= mf
D �W
Dt

− 6��Rp(fi �V − fj �W) − mf

2
d( �V − �W)

dt
+ (mp − mf )�g

(1)
icochem. Eng. Aspects 473 (2015) 95–103

Here, mp is the particle mass, mf is the mass of fluid volume occupied
by the particle, Rp is the particle radius, V and W are velocities of
the particle and the fluid flow (resp.), � is the liquid viscosity, t is
time and g represents the acceleration due to gravity.

The term on the left-hand side of the BBO (Eq. (1)) represents
the particle inertia forces, the first term on the right-hand side is
referred to as the pressure force and the second term as the viscous
drag force. The third term is called the added mass force and rep-
resents the resistance of the liquid volume decelerating with the
particle motion. The last term on the right-hand side of Eq. (1) rep-
resents the difference between the particle weight and the liquid
buoyancy [9,17–19].

For easier handling of the BBO equation, dimensionless values
are introduced by dividing the appropriate dimensional values by
their characteristic values. Fluid and particle velocities are scaled
by the bubble slip velocity U (difference between fluid and bubble
velocity); time is scaled by Rb/U (Rb – bubble radius). This way,
dimensionless numbers are obtained under the assumption that
the liquid velocity and viscosity are constant; K1 and K2 describe
the role of inertial forces, where St is the particle Stokes number
[17].

K1 =
(

1 + 0.5
�f

�p

)
St (2)

K2 = 1.5
�f

�p
St (3)

St = 2R2
pU�p

9�f Rb
(4)

In Eqs. (2)–(4), �f and �p denote liquid and particle densities
(resp.), U is the bubble slip velocity relative to the liquid phase, and
�f denotes the liquid kinematic viscosity.

Due to possible instabilities during calculation with time deriva-
tives (small changes in time can cause considerable changes in the
particle polar coordinates), it is more convenient to transform Eq.
(1) to polar coordinates, where the polar angle and the radial coor-
dinate are independent variables. The particle velocity in radial and
tangential direction is defined as (� is the dimensionless time):

vr = dr

d�
(5)

vϕ = r
dϕ

d�
(6)

Then, Eq. (1) can be rewritten as

dvr

dϕ
=

{
v2

ϕ

r
+ K2

K1

(
wr

∂wr

∂r
+ wϕ

r

∂wr

∂ϕ
−

w2
ϕ

r

)

+ f3wr − f1vr − vg cos ϕ

K1

}
r

vϕ
(7)

dvϕ

dϕ
=

{
− vϕvr

r
+ K2

K1

(
wr

∂wϕ

∂r
+ wϕ

r

∂wϕ

∂ϕ
− wϕwr

r

)

+ f4wϕ − f2vϕ − vg sin ϕ

K1

}
r

vϕ
(8)

dr

dϕ
= r

vr

vϕ
(9)

where v and w represent dimensionless particle and liquid veloc-

ities, indexes r and ϕ denote radial and tangential components of
those velocities.

To solve the differential equations showed above, the initial con-
ditions describing the system are required. Their determination is
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ased on the fact that the particle velocity sufficiently far away
rom the bubble surface is not influenced by the bubble and thus
he velocity is equal to the liquid velocity plus the particle terminal
ettling velocity, giving:

r(r = r0) = −(1 + vg) cos ϕ0 (10)

ϕ(r = r0) = (1 + vg) sin ϕ0 (11)

The minus sign in the initial condition for the radial velocity
Eq. (10)) denotes that the liquid flow and thus the particle move
n counter-current direction to the radial coordinate.

.2. Microhydrodynamic interaction

A particle approaching the bubble surface is significantly influ-
nced by the drag force which is well described by the Stokes law
ar from the surface. When the particle approaches the bubble, an
ntervening liquid film is formed, and the hydrodynamic resistance
ncreases rapidly. This increase can be accounted for using hydro-
ynamic resistance functions [1,9], fi and fj, where i = 1, 2 and j = 3,

 in Eqs. (7) and (8).
The microhydrodynamic resistance functions depend on the

nter-surface separation distance as well as the bubble surface
obility. For mobile bubble surface, equations for the microhydro-

ynamic functions in tangential and radial direction are [1]:

1 =
[

1 +
(

Rp

4H

)0.719
]1.394

(12)

21 = 1.707 + (H/Rp)
0.836 + (H/Rp)

(13)

22 = 2.656 + (H/Rp)
1.440 + (H/Rp)

(14)

2 = f21 − Hf22

1 − H
(15)

3 = 1.106 + (H/Rp)
1.502 + (H/Rp)

(16)

4 = 1.107 + (H/Rp)
1.502 + (H/Rp)

(17)

When the bubble and particle surfaces are far apart (H → ∞),
rag coefficients are equal to 1 and thus, the drag force reduces
o the standard Stokes law. On the other hand, when H → 0 drag
oefficients are expressed by the lubrication theory [1].

.3. Liquid flow field

The Stokes or potential flow describing the liquid flow field has
 limited range of successful usage [20,21]. This is why, a significant
mprovement is introduced here. The composite flow field is able
o describe various ranges of liquid velocities (and thus Reynolds
umbers). Moreover, it is clearly visible that if a = 0, Eqs. (18) and
19) lead to the Stokes flow. The composite flow field is derived
ased on the idea of [22] for interpolation between ideal fields.

r = −
(

1 − 1 − a

r
− a

r2
− a

r3
+ a

r4

)
cos ϕ (18)

(
1 − a a a

)

ϕ = 1 −

2r
+

2r3
−

r4
sin ϕ (19)

 = 4
45

Re0.72
b (20)
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3.4. Calculation of the particle trajectory

Equations for the particle motion (Eqs. (7)–(9)) together with the
initial conditions (Eqs. (10) and (11)) and equations for the liquid
flow field (Eqs. (18) and (19)) are solved in Matlab using the fourth-
order Runge–Kutta method. The initial position (r0, ϕ0) necessary
for the calculation is obtained from experiments. In fact, the initial
position should be sufficiently far from the bubble where the initial
conditions apply and particle trajectories are not influenced by the
bubble surface and also they are parallel [17].

In the calculation of the trajectory, the contact of the particle
with the bubble is tested (separation distance H is equal or smaller
than h0 – see below for its definition). If the particle touches the
bubble, the radial motion of the particle is stopped (if it is towards
the bubble), and only the tangential one is allowed, and thus, the
sliding of the particle along the bubble surface is simulated. When
a particle reaches the point corresponding with the tip of the cap-
illary, and the bottom part of the bubble, the motion of the particle
is set to follow the shape of the capillary since the flow field dis-
turbance induced by the capillary is not taken into account.

The grazing trajectory, from which the encounter efficiency is
calculated, can be found using the condition that there is no contact
point between the particle and the bubble surface on the trajec-
tory following the grazing one. The initial position is varied; the
particle position corresponding to the particle position obtained
from the experiment is initially set to start the numerical integra-
tion, and the particle trajectory is calculated [17,18]. If the particle
meets the bubble surface (this is detected by fulfilling the condi-
tion r = 1 + h0/Rb + Rp/Rb), the integration is stopped, and the initial
position is shifted away from the axis of symmetry (the vertical
axis). This process is repeated until no contact point is found. Then,
the last trajectory is determined to be the grazing one. The angle
of tangency is obtained from the grazing trajectory as the polar
angle corresponding to the closest point to the bubble surface. The
collision efficiency can be calculated from information about the
grazing trajectory:

Ec =
(

Rc

Rb + Rp + h0

)2

(21)

It is important to note that the parameter h0 representing the
shortest inter-surface separation distance (the thickness of the
intervening liquid film between the bubble and the particle) is a
small number but it is not equal to zero. It was proved [9] that this
small non-zero number is sufficient for performing the calculation
and moreover, numerical results (collision angle and efficiency) are
not sensitive to the value of h0 that corresponds to typical values
for the film thickness (10–500 nm).

4. Results and discussion

Comparison of trajectories of particles going around the bub-
ble obtained experimentally and theoretically is provided in this
section. Trajectories of particles passing the bubble at the verti-
cal equator were chosen for further processing. At first, an image
summarizing trajectories of particles of different initial position is
shown in Fig. 5. These trajectories were obtained from the model
by incorporating all effects, and it is provided for better illustration
of behaviour of particles. Coordinated x and y are dimensionless
and thus, the bubble ranks between 〈−1;1〉. The colour of trajec-
tories differs according to particles initial position; the behaviour
of trajectories of the same colour is alike. The agreement between

the model and the experiment was checked and expressed by a
variation (average distance between calculated and experimental
coordinates) giving 1.5 pixels in average (due to the different cal-
ibration of images, the pixel size is more relevant information). It
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Fig. 5. Trajectories of particles moving around a bubble at different distances from
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he  bubble. Different colours denote particles of different initial positions. (For inter-
retation of the references to colour in this figure legend, the reader is referred to
he web  version of the article.)

s not possible to provide strict statistics since each particle has its
wn size and initial location (Fig. 2).

For further discussions, single trajectories from the green, red
nd black zones were used (A, B, C in Fig. 6).

The principle of display of Figs. 6 and 7 must be also introduced
ere. In both of these figures, the red line denotes results obtained

rom the experiment, and the green line shows results from calcula-
ions. The length of green and red lines is the same for every picture,
ecause the calculation of the particle trajectory was terminated
hen the horizontal position had reached the value corresponding

o the horizontal position of the last point of the experimental tra-
ectory. Since the calculation of the particle velocity is related to
he calculation of trajectory, the lengths of the green (calculated)
nd red (experimental) lines match as well.

According to the initial position of the particle, trajectories
howed different behaviour (Fig. 6); for more convenient compar-
son, axes are provided in a dimensionless form. Particles initially
ocated away from the axis of symmetry deviate around the bub-
le without coming close (case C); if particles started even further
rom the axis of symmetry, they would not be affected by the bub-
le at all, and they would follow streamlines of the liquid flow field.
owever, if the initial position of particles ranks in the range of

he bubble radius from the axis of symmetry, the bubble’s pres-
nce affects their trajectories significantly (cases A and B). The
eviation of the trajectory becomes evident usually at separation
orresponding to the diameter of the particle. This can be attributed
o forces taking place in the fluid such as drag force, added mass
orce, inertia force, etc. Some particles sufficiently close to the
xis of symmetry slide along the bubble surface and then with-
raw. This can be caused by the gravitational effect or the effect
f the velocity of the liquid stream. However, particles may  also
ttach onto the surface of the bubble after a short period of slid-
ng, but this case of behaviour is never observed during the shown
xperiments.

Different trajectories corresponding to different effects used in
alculations are depicted in Fig. 6. It must be noted that the present
odel assumes flow around a perfectly spherical bubble without

he presence of the bubble’s supporting capillary. From the top

o the bottom row, the calculation with all effects incorporated
s shown first and then below the calculations without microhy-
rodynamic drag, without the inertia effect and without the effect
f gravity. From A to C, trajectories correspond to different initial
icochem. Eng. Aspects 473 (2015) 95–103

position of the particle; the horizontal initial position divided by the
bubble radius is 0.28Rb, 0.63Rb and 0.92Rb for A, B and C is shown,
respectively.

When comparing experimentally obtained trajectories with
those resulting from the equations described in the theoretical
part of this paper, contributions of different effects are assessed
(microhydrodynamic drag, inertia forces, and gravity effects).
Although particles are of relatively large diameters, their den-
sity (�p = 1050 kg/m3) is similar to the density of the liquid
(�f = 998 kg/m3), so the influence of inertia and gravity is visible
but not so significant. In general, the inertia effect is described by
the Stokes number; more significant is the inertia effect, slower
the particle reacts to a change of the flow field. The gravity effect
expressed via the settling velocity is noticeable if the difference
between the particle and liquid density is higher; especially in the
case of heavy particles, the trajectory is almost not influenced by
the liquid field and the particle settles vertically.

Contrary assumption, microhydrodynamic drag does not affect
the trajectories presented in this work considerably. Without
microhydrodynamic effects included in the calculation, the par-
ticle approaches the bubble with just a small deviation from the
trajectory caused by the liquid flow and the particle collides with
the bubble (separation distance, H = 0). At this moment, the radial
velocity does not contribute to the interaction, and only the tan-
gential velocity causes the further motion of the particle (sliding
around the bubble surface). Once the particle reaches the point
defined by the capillary and the bottom part of the bubble, it con-
tinues in sliding along the surface of the capillary (cases A and
B).

If microhydrodynamic effects are incorporated to the calcula-
tion, the drag taking place in short inter-surface separation distance
“pushes” the particle away from the bubble surface while it is forced
by the liquid flow to collide at the same time. It results in the
diversion of the trajectory that can be seen in Fig. 5 when trajec-
tories with all effects involved and trajectories without the effect
of microhydrodynamics are compared. Also for the case C showing
the situation of a particle passing the bubble sufficiently far from
the surface where short-range forces do not play a key role and the
motion of the particle is controlled by the liquid flow, the effect of
the microhydrodynamic is slightly visible.

Next, velocities of particles obtained from experiments and the
respective velocities calculated at different locations around the
bubble are compared to assess further the significance of differ-
ent acting forces. In Fig. 7, particle velocities from experiments and
calculations are shown for the same cases shown in Fig. 6. For con-
venience, the horizontal coordinate (showing the vertical position
of a particle) in graphs in Fig. 7 is dimensionless (Y/Rb) and thus, the
position of the bubble spans within (−1;1) with the centre point in
0; once one want to read in this figure, it is necessary to do it from
right to left to follow the motion of the particle. It must be noted
that due to imperfections in recorded images, the computed exper-
imental velocity of particles is fluctuating (especially in case A of
Fig. 7). It is seen that the velocity of the particle becomes lower as
the particle approaches the bubble. When the particle slides along
the bubble surface, its velocity initially increases until the equa-
tor (centre) plane of the bubble and then, it decreases again as it
approaches the bottom of the bubble. The above are consequences
of the high mobility of the bubble surface. If the bubble surface
is mobile, the velocity is higher around the bubble surface (with
the highest velocity at the bubble equator). On the contrary, if the
surface of the bubble is immobile, the velocity gets lower along
the bubble surface. The obtained experimental velocities indicate

that the bubble surface is mobile as it has been assumed based
on the employed low SDS concentration. This can be viewed yet
from another standpoint: it is possible to judge whether the surface
of the bubble is mobile or immobile from knowledge of the local
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ig. 6. Trajectories of particles moving around a bubble in different distances from
he  particle from experiment; green lines are calculated trajectories. (For interpre
ersion of the article.)

article velocity. The main purpose of creating Fig. 7 was check-
ng the bubble surface mobility. However, moreover, it showed its
enefits also in decision whether the effect of microhydrodynamics
as important or not (for particles moving very close to the bubble

urface, cases A and B).

From the comparison of the experimental velocity of the par-

icle with the calculated one, it is possible to examine which
f the effects taking place during the bubble–particle interaction
re dominant. Although experimental and theoretical trajectories
ubble surface for different settings of the model. Red lines denote the trajectory of
 of the references to colour in this figure legend, the reader is referred to the web

appear quite similar, the velocity counterparts are different for
every setting of the model. Cases A and B of the interaction pro-
vided in Figs. 6 and 7 show that microhydrodynamic effects must be
included in the model. Otherwise, the velocity of the particle when
the particle is sliding along the bubble surface is unreasonably

high; the only questionable case is C, which represents the particle
with the initial position further from the axis of symmetry where
microhydrodynamic drag does not take place being a short-range
effect.
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ig. 7. Velocities of particles moving around a bubble in different distances from th
article from experiment; green lines are calculated velocities. (For interpretation 
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Another interesting issue must be pointed on; if the parti-
le slides along the bubble surface (only the tangential motion is
llowed), there is a terminal point defined by the tip of the cap-
llary and the bottom of the bubble or the capillary as the lowest
ossible horizontal coordinate of the particle edge (particle’s cen-
re + diameter). From this point further, the radial motion is also
llowed, and the particle is forced to slide down along the capil-
ary with the velocity equal to the one in the changing point. This
pproach geometrically simulates the presence of the capillary –

he velocity does not increase again and thus, it represents the
mmobile surface of the solid capillary.

Although particle attachment to the bubble is possible theo-
etically under certain conditions, this is not observed during the
ble surface for different settings of the model. Red lines denote the velocity of the
references to colour in this figure legend, the reader is referred to the web version

present experiments. There are a few possible explanations for this
discrepancy. A first explanation refers to the morphology of the
employed particles. Their surface is perhaps too ideally spherical
and too smooth and thus a particle can touch the bubble surface
at a point only. This extremely small area of contact may prevent
the intervening liquid film between the bubble and the particle
from rupture, and as a result, the particle eventually slides away
along the bubble [23]. A second possible explanation is that the
presence of surfactant increases the intervening liquid film stabil-

ity or makes the bubble surface immobile [24]. The latter possibility
is rather rejected because experimental particle velocities indicate
that the bubble surface is mobile. The type and concentration of sur-
factant (SDS) in the present experiments resemble those of a real
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ystem used in industry (where particles indeed attach onto bub-
les), [25]. A third, but least plausible, explanation for the never
bserved particle–bubble attachment is the weight of the particle;
lthough the density of particles is low, particles are relatively large
nd thus gravity might be dominant. However, the modelling part
f the present work has shown that the effect of gravity is rather

nsignificant. To this end, the explanation that has more chances
o explain the lack of particle-bubble attachment is the first one:
articles are too spherical and too smooth to lead a collision with
he bubble to eventual attachment.

Another interesting phenomenon observed in the present
xperiments is that particles continue their motion in an almost
traight line after passing the bubble horizontal equator if they did
ot slide (clearly visible in the case C in Fig. 6). This implies that
he effect of gravity or inertia may  be dominant, but the present
omputations showed that none of them is important. The most
easonable explanation for this behaviour is the deformation of the
iquid flow field imposed by the presence of the capillary suppor-
ing the bubble. This effect has not been considered by the model
hat is based on the flow field around an isolated bubble.

It is noted that the bubble in general deforms as the particle
pproach to it [26,27]. This deformation is of the scale of the inter-
ening liquid film between particle and bubble, and it is important
or particle attachment process. Nevertheless, attachment does not
ccur here, and the influence of bubble deformation on particle tra-

ectory is quite insignificant and it can be ignored. The problem has
ctually three size scales: the bubble size scale (liquid flow field),
he particle size scale (relevant to microhydrodynamics) and the
ntervening liquid film size scale. The bubble deformation and the
iquid film thickness evolution can be ignored at the two  higher size
cales.

. Conclusions

A new device is developed to yield experimental trajectories
nd velocities of particles flowing around a bubble standing still
n an aqueous surfactant solution. Trajectories and velocities are
omputed from the analysis of high-speed images. The experimen-
al velocity profiles of particles around the bubble indicate that the
urface of the bubble is pretty mobile that is not surprising based on
he employed low surfactant concentration. Experimental trajecto-
ies and velocities are compared to respective quantities predicted
y a model that is also developed herein. A sensitivity analysis
eveals that under the experimental conditions interception is the
ominant collision mechanism, whereas the other mechanisms
as a small but non-negligible effect. However, gravity and iner-
ia gain gradually importance as the size of particles increases and
he microhydrodynamic effect increases its importance as the ini-
ial position of the bubble’s centre is shifted closer to the axis of
ymmetry. Thus, it can be concluded that the primary mechanism
f collision is interception in this case. It is also suggested that
he never observed experimentally attachment of particles onto
he bubble, despite the favourable physicochemical conditions, is
ather due to the specific morphology of the employed particles.
hese particles are too spherical and too smooth and probably
ouch the bubble surface at one point only. Therefore, the time
nd area of the contact are not sufficient for the rupture of the
ntervening thin film between the bubble and particle.
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Aqueous  solutions  of alcohols  exhibit
certain  specific  properties,  such  as
viscosity maximum  or high  contact
angles.
These  phenomena  are  caused
by a complex  inner  structure  of
alcohol–water  mixtures.
The  existence  of  small  aggregates
consisting  of water  and  alcohol
molecules  is assumed  both  in  bulk
liquid and  on interface  layers.
Aggregates  are  stable  over  time  and
influence  the surface  tension  and
wettability.
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a  b  s  t  r  a  c  t

Methanol,  ethanol,  n-propanol  and  their  aqueous  solutions  are widely  used  in  many  industrial  appli-
cations  where  wettability  is  one  of  the  most  important  parameters.  This  project  was  focused  on  the
experimental  study  of  the  wetting  behaviour  of  these  mixtures  on  two  similar  hydrophobic  surfaces  in
the full  concentration  range.  Based on the measurements  of  dynamic  surface  tension  and  dynamic  liquid
drop  spreading  we  proved  the  stable  composition  of liquid  layers  on  the  solid–liquid  and  liquid–air  inter-
vailable online 31 October 2015

eywords:
lcohol–water mixtures
ettability

urface tension

faces.  Likewise,  in  bulk  liquid  the  existence  of small  aggregates  consisting  of  water  and  alcohol  molecules
is  assumed.  This  complex  internal  structure  of aqueous  solutions  of  short  chain  alcohols  influences  the
surface  properties  of  these  solutions  and  explains  the  higher  contact  angles  when  compared  to  pure
liquids  with  similar  surface  tension.

©  2015  Elsevier  B.V.  All  rights  reserved.

nternal structure

. Introduction

Alcohols, along with surface active agents (surfactants), are used

n many industrial applications. Flotation of plastics is a good exam-
le. Here, waste plastic materials are separated according to their
ettability and/or liquid surface tension. At appropriate values

∗ Corresponding author. Fax: +420 220 444 320.
E-mail address: pavlina.basarova@vscht.cz (P. Basařová).

ttp://dx.doi.org/10.1016/j.colsurfa.2015.10.023
927-7757/© 2015 Elsevier B.V. All rights reserved.
of liquid surface tension, air bubbles adhere onto the particles
with lower wettability, promoting flotation, whereas particles hav-
ing higher wettability will be wetted sufficiently without bubble
attachment. An appropriate substance which is commonly used to
control the surface tension of flotation liquids is an aqueous solu-
tion of a simple alcohol, such as methanol or propanol [1]. Due to

the development of new materials and their surfaces, the surface
wettability or nonwettability is a very important material prop-
erty. New materials are developed as hydrophobic, but a small
addition of alcohol or surfactant could change this hydrophobicity

dx.doi.org/10.1016/j.colsurfa.2015.10.023
http://www.sciencedirect.com/science/journal/09277757
http://www.elsevier.com/locate/colsurfa
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nto hydrophilicity. Water–alcohol mixtures are also widely used
nd studied due to their important role in biological systems, and
harmaceutical and technical applications. In these applications,
lcohols are used both in low concentrations (as co-surfactants)
s well as in high concentrations (co-solvents). The systems con-
isting of alcohols and surfactants are studied with emphasis on
dhesion mechanism [2–6], evaporation [7,8], micellar structure
nd dynamics, etc. Together with this research, experimental stud-
es of the internal structure of aqueous alcohol mixtures are also
eing carried out. Hydrogen bonding liquids, such as alcohols,
ave a rich microstructure that the stronger hydrogen bonding
ater does not seem to possess. It was found that simple alco-

ols are micro heterogeneous since they tend to develop distinct
ocal microstructures, which are dependent on the geometry of the
onstitutive molecules such as chainlike structures or micelle like
tructures. The polarity of water and alcohol self-association as well
s cross-association between water and alcohol show significant
mpacts on physical and chemical properties, like the existence of a
iscosity-composition maximum, decrease of partial molar volume
r interfacial properties [3,9].

The objective of this paper is to present some new results on
he wetting behaviour of alcohol solutions. The project is focused
n the experimental study of wetting properties of aqueous solu-
ions of short chain alcohols (methanol, ethanol and n-propanol in
ull concentration range) on two hydrophobic surfaces with simi-
ar surface energy. The mutual relationship between liquid surface
ension and contact angle is studied and evaluated for aqueous
olutions of these alcohols. Together with alcohols, the wetting
roperties of pure organic liquids and selected aqueous solutions
f surface active agents are studied and compared. On behalf of the
btained results, the key properties of aqueous solutions of alcohols

nfluencing the atypical wettability are discussed and evaluated.

. Contemporary short view on wetting of solid surface

When a drop of a pure liquid is placed on a solid surface, it
orms a characteristic shape described by the contact angle �. In
n ideal case, when a horizontal, flat and homogenous solid sur-
ace is assumed, Young’s equation describes the equilibrium of
olid–liquid–vapour interface.

SL = �SV − �LV × cos� (1)

ere, �SV, �SL and �LV correspond to solid–vapour, solid–liquid and
iquid–vapour interfacial tension, respectively. �LV is commonly
alled the surface tension of the liquid; �SV is sometimes equated
ith the surface free energies �S [4,10]. Moreover, �SV is often

ncorrectly equated with �SG (solid–gas interfacial tension). This
an only be an approximate measure for non-volatile liquids. A deep
nalysis was given by Siboni [11]. For solid surface characterization,
olid tension in a vacuum is often used too. The difference between
his tension and �SV is then called “spreading pressure” �e.

In Young’s equation, only �LV and � can be measured experi-
entally. Values of �SV and �SL can only be obtained indirectly.

undamentally, they reflect the strength of molecular interactions
ithin the bulk material [12]. Then �SL reflects the cross-

nteractions between two phases and may  be derivable in terms of
LV and �SV. Historically, Zisman was the first to formulate what is
is fundamental hypothesis of the so-called “critical surface energy
C”. This method assumes that the contact angle of a liquid on a
olid becomes zero when �SV and �LV are equal, and �SL is reduced
o zero. The tension �SV is hereupon named “surface free energy of

olid” [11] and it is denoted as �C. Experiments were carried out on
uorinated wax FC721 with a set of 13 organic liquids [13] and the
ifference �SV − �LV (or �LV × cos �) was plotted against the surface
ension of the liquids used. Here, the linear dependence of cos � on
cochem. Eng. Aspects 489 (2016) 200–206 201

�LV was assumed. However, according to recently published stud-
ies [11,14], the function cos � = f (�LV) is not a straight line in the
full range of liquid tensions; the linearity can be assumed only at
the lowest surface tensions.

The majority of hitherto published studies have been devoted to
the spreading of pure liquids even though in the majority of applica-
tions mixtures of liquids are used. The spreading of liquid mixtures
is a very complex process depending primarily on its component
properties [15]. Owing to their exceptional practical importance,
the aqueous solutions of surface-active agents have been studied
in detail for decades. When a surfactant molecule is dissolved in
water, the free energy of the system increases. The system responds
in order to minimize the contact between the surfactant hydropho-
bic group and the water [16]. As a result, some of the surfactant’s
molecules are expelled to the system interfaces. The transport pro-
cesses take place on three interfaces: (i) surfactant adsorption at
the inner liquid–solid interface resulting in a decrease of �SL, (ii)
surfactant adsorption on the liquid–vapour interface resulting in
a decrease of �SV and (iii) the transfer from the drop onto the
solid–vapour interface just in front of the drop which hydrophilizes
the initially hydrophobic surface. Moreover the surface tension gra-
dient on the liquid–vapour interface causes liquid motion inside the
drop (Marangoni flow) [17,18]. Due to the advancing transport of
surfactant molecules, all mentioned processes are time dependent
and the time evolution of the liquid drop spreading is observed
[2]. The velocity of the surfactant transport to the liquid–vapour
interface can then be studied by using the dynamic surface ten-
sion measurement for instance (e.g. maximum bubble pressure
method).

The aqueous mixtures of short chain alcohols decrease the sur-
face tension similarly as surfactants and, therefore, both types of
mixtures are often equated. However, alcohol solutions exhibit
some specific behaviour which depends on their microstructure.
Alcohol and water molecules tend to develop the local microstruc-
tures in the bulk liquid and, moreover, the existence of a specific
saturated microlayer on the solution-air interface is assumed. This
internal structure significantly influences the interfacial properties,
like surface tension or contact angle.

3. Experiments

3.1. Materials

A silanized glass and PTFE were used as model hydrophobic sur-
faces. The silanization method is based on the covalent attachment
of functional organosilanes to silica or glass. Silanes are believed to
react with the exposed hydroxyl groups of silanols on the glass sur-
face and, under optimal conditions, they form a uniform monolayer
[19]. In our project, the common type of silanized glass was used:
the Silanization solution was  supplied by Sigma–Aldrich (5% solu-
tion of dimethyldichlorosilane in heptane, CAS No. 75-78-5). The
silanization method was  applied according to recommendations
from the literature [19]. The glass material (microscopic slides) was
cleaned in a boiling mixture of sulphuric acid and hydrogen perox-
ide (1:1) for 1 min, then rinsed several times with distilled water
and dried. The slides were dipped into the silanization solution
for 24 h, then rinsed firstly with pure heptane then with acetone
and ethanol in order to remove all organic residues, and finally
they were dried. The silanized slides were stored in a dry place
to avoid contact with air humidity. The surface homogeneity was
tested using the AFM method. On clean glass, the maximum rough-

ness reached a height of 60 nm (average 15 nm), and on silanized
glass the maximum roughness reached a height of 160 nm (aver-
age 30 nm). The measurement was  conducted within 1 week after
preparation. Contact angles for pure water ranged from 103.1 to
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Table  1
The concentration dependence of surface tension and contact angle of water–alcohol mixtures on silanized glass and PTFE.

Molar concentration (mol/l) Weight concentration (g/l) Surface tension (mN/m) Contact angle on silanized glass (◦) Contact angle on PTFE (◦)

Methanol
0 0 72.2 104.3 104.2
0.011 0.020 68.1 103.6 103.1
0.031 0.054 62.2 100.8 101.2
0.061 0.104 55.9 98.3 98.3
0.092  0.152 51.2 93.4 95.2
0.131  0.212 46.7 91.2 90.9
0.211 0.322 40.5 84.7 85.3
0.341  0.479 35.9 74.8 73.8
0.565  0.698 30.3 62.4 61.4
0.692  0.800 27.9 56.7 56.1
0.762  0.850 26.3 49.9 50.9
0.832 0.898 25.2 43.0 43.6
0.915 0.951 24.1 39.6 38.7
0.960 0.977 23.5 36.5 36.6
1  1 22.7 29.9 30.5

Ethanol
0  0 72.2 103.9 104.0
0.008 0.020 63.1 100.9 100.1
0.020 0.050 56.7 96.3 96.8
0.042  0.100 48.9 92.0 92.2
0.065  0.150 43.4 85.9 86.6
0.089 0.199 39.3 80.2 81.0
0.145  0.303 33.3 71.3 71.0
0.279  0.498 29.1 61.2 60.2
0.474 0.697 26.7 51.4 51.8
0.598  0.792 25.7 47.4 48.2
0.680  0.845 25.1 43.9 44.1
0.782  0.902 24.3 41.0 42.2
0.873  0.946 23.5 31.8 32.4
0.935  0.974 23.0 28.3 27.0
1  1 22.6 21.2 20.9

Propanol
0  0 72.2 103.1 102.3
0.006 0.020 57.0 97.5 96.8
0.015  0.050 45.7 86.3 85.5
0.032  0.100 36.3 76.3 75.2
0.050  0.150 31.1 65.7 67.3
0.070  0.200 28.2 56.9 57.4
0.114  0.300 26.7 52.7 51.9
0.229  0.497 25.9 44.6 46.1
0.413  0.701 25.3 41.7 42.4
0.539  0.796 25.1 38.6 39.2
0.618  0.844 24.9 36.4 35.7
0.732  0.901 24.6 33.1 33.7
0.853  0.951 24.2 27.6 28.0
0.941  0.982 23.9 23.5 24.5
1  1 23.5 20.4 20.6

Table 2
Specification of the set of organic liquids together with their experimental values of surface tension and contact angle at 25 ◦C.

Compound Surface tension (mN/m) Contact angle on silanized glass (◦) Contact angle on PTFE (◦)

Acetone 22.8 19.5 21.1
Butanol 24.1 22.8 23.2
Dimethyl-formamide 36.0 60.3 58.2
m-Cresol 36.6 57.9
Benzylalcohol 39.1 60.7 62.0
Bromoform 39.2 60.0
Dibenzylamine 39.9 63.2 59.5

1
s
a

P
f
m

Diiodomethan 51.8 

Glycerol 62.4 

Water 72.2 

04.3◦. The surface free energy of the solid �C calculated using the
et of organic liquids was 21.1 mN/m according to Zisman’s method
nd 21.5 mN/m according to the Siboni approach [7].
Finally, pure but commercial Teflon (polytetrafluoroethylene,
TFE) was used as a second hydrophobic material. Contact angles
or pure water ranged from 102.3 to 104.2◦. The experimentally

easured surface energy of PTFE was 21.2 mN/m;  according to the
84.6 81.6
94.5 92.5

104.3 103.2

Krűss database it ranges from 18.5 to 21.8 mN/m.  The wettability
of both materials was tested prior each measurement.
3.2. Experimental liquids

Pure water (distilled, de-ionised and de-mineralised water) was
used at 25 ◦C for all measurements and in the preparation of aque-
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Fig. 1. Surface tension of alcohol–water mixtures. Comparison of experimental and
literature data.
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value of dynamic surface tension is similar to pure water and then
it decreases with increasing bubble surface age.
us solutions. The pH value was 6.13 and the conductivity was
.6 �S/cm. Pure methanol, ethanol and n-propanol with purities of
99.5% were supplied by Penta. Twelve mixtures with water were
repared at 25 ◦C. Their concentrations in both in mol/l as well as
/l are listed in Table 1.

A set of 10 organic liquids was used for reference measurements.
heir list is given in Table 2 together with their surface tension and
ontact angles. A list of surfactants together with their properties
nd measured concentrations is given in Table 3. These compounds
ere supplied by Sigma–Aldrich.

.3. Experimental methods

The equilibrium surface tension was measured by a tenziome-
er Lauda TD1 using the Pt/Ir ring tenziometer method (du Nouy’s

ethod). The accuracy of the surface tension measurements by this
enziometer was 0.15 mN/m.  In all cases, more than 10 succes-
ive measurements were performed. The standard deviation did
ot exceed 0.2 mN/m.  Dynamic surface tension was determined
y the maximum bubble pressure method using the Krűss BP100
enziometer. The surface age ranged from 10 ms  to 50 s. All exper-
ments were done at 25 ◦C ± 0.2 ◦C.

A Cohu monochrome CCD camera with a 752H × 548V pixel res-
lution and a Navitar macro-objective were used to capture the
rop images with a frame velocity of 15 fps. At least nine drops on
hree slides were taken for each liquid. NIS-Elements software was
tilized for the image processing where the drop profile together
ith drop height, length and contact angles were analysed. The liq-

id drop was formed by pumping the liquid using a motor-driven
yringe placed in an adjustable holder. The drop volume ranged
rom 25 to 10 �l so that the drop diameter reached 5 mm.  As the
rop was forming, the syringe was lifted continuously so that the
yringe tip was situated just below the drop surface. Finally the
yringe tip was taken out of the liquid. The whole process was
ecorded and only those images where the drop profile was stable
or a sufficient time period were chosen for the analysis. Using this
rocedure we could eliminate profiles influenced by mechanical

mbalances or evaporation. The drop was illuminated from behind
sing a Schott cold light source. The entire apparatus was mounted
n a vibration isolation table, thus minimizing error due to vibra-
ions. Measurements with pure water were done before each set of
easurements in order to ensure the stable wettability of the solid
urface.
Fig. 2. Dynamic surface tension of pure water (©) and aqueous solution of methanol
(�;  xM = 0.131), ethanol (♦; xE = 0.089) and propanol (�; xP = 0.070).

4. Results and discussion

4.1. Surface tension

Experimental surface tension of water–alcohol mixtures in the
full concentration range was measured using the du Nouy’s ring
method and then compared with the published data. A compre-
hensive set of data measured using the du Nouy’s ring method was
published by Chodzinska et al. [3]. Besides that, Maximino [20]
reported a set of surface tension data measured using the drop
volume method, while Glinski et al. [21] and Vasquez et al. [22]
measured the surface tensions using the Wilhelmy plate method.
Messow et al. [23] published data measured using the maximum
bubble pressure method, but only approximate data could be
gained from his paper. The drop volume method and the maxi-
mum  bubble pressure method are dynamic experimental methods;
whereas the Wilhelmy plate method and our experimental du
Nouy’s ring method belong to the semi-static methods. All data
are shown in Fig. 1; our experimental values of surface tension
are given in Table 1. The accordance of our experimental surface
tensions with the above mentioned data is evident. It can also be
concluded that the type of experimental method has no influence
on the final (equilibrium) value of the surface tension. The observed
substantial decrease of surface tension and the non-linear depen-
dence on liquid composition are typical for many binary mixtures.
Similar results can be obtained for aqueous solutions of surfactants
and even for such mixtures as water–acetone [24].

Dynamic surface tension was measured using the maximum
bubble pressure method. Here, the surface tension is measured as
a dependent of the bubble surface age. For pure liquids, the surface
tension is constant and does not depend on the bubble lifetime.
In the case of surfactant solutions the dynamic surface tension
decreases. Due to the characteristic molecular structure, surfac-
tants migrate to the liquid–air interphase until their concentration
reaches its possible maximum. During this process, surface ten-
sion decreases as a function of time (bubble surface age) and finally
approaches the equilibrium surface tension. The obtained experi-
mental results for selected mixtures are illustrated in Figs. 2 and 3.
Fig 2 gives data for pure water and alcohol–water mixtures with
an alcohol weight content of 20%. Full lines represent the surface
tension measured using the ring method. The results for surfactant
solutions are illustrated in Fig. 3. A slow but constant decrease was
observed for ionic surfactants. For non-ionic surfactants, the initial
The alcohol mixtures exhibit similar behaviour to pure liquids
in the sense that the dynamic surface tension is stable over time.
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Table  3
Specification of measured aqueous solutions of various surfactants.

Surfactant (abbreviation) Chemical formula Type Critical micelle
concentration (mmol/l)

Measured concentrations
(mmol/l)

Dodecyltrimethylamonium bromid (DTAB) CH3(CH2)11N(CH3)3Br Cationic 15.3 6.5, 9.7, 13.0, 16.2
Sodium  dodecyl sulfate (SDS) CH3(CH2)11OSO3Na Anionic 9.7 5.2, 8.3, 17.3
Octyl  phenol ethoxylate (Triton X-100) C14H22O(C2H4O)n (n = 9–10) Non-ionic 0.21 0.1, 0.25, 0.5
Pentaethylene glycol
monododecyl ether (C12EO5)

C22H46O6 Non-ionic 0.067 0.026, 0.045, 0.055, 0.068, 0.134

Decaethylene glycol
monododecyl ether (brij,
C12EO10)

C32H66O11 Non-ionic 0.0051, 0.0089, 0.016, 0.033, 0.084, 0.160

Fig. 3. Dynamic surface tension of pure water (©) and aqueous solution of SDS
(�,  5.2 mmol/l), DTAB (�, 16.2 mmol/l), C12EO5 (�, 0.045 mmol/l) and Triton (�,
0.25 mmol/l).
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drop spreading was  observed. This spreading, accompanied by a
ig. 4. Contact angles on silanized glass and on PTFE against alcohol molar concen-
ration.

n the liquid–air interface, the existence of a saturated monolayer
ith a higher alcohol concentration is presupposed when com-

ared with the bulk [3]. The shortest bubble life time during the
xperimental measurement is 10 ms  and even for this short period
o change of surface activity was observed. Therefore the con-
entration of alcohol molecules or aggregates must be stable on
his interface. We  thus suppose that the creation and saturation of
he monolayer is shorter than the bubble life time and the forma-
ion of the monolayer does not influence both the bubble or drop
ehaviour.

.2. Drop spreading on silanized glass and PTFE
The experimental data describing the dependence of the con-
act angle on alcohol concentration are given in Fig. 4. It is evident
Fig. 5. Dynamic contact angles of pure water (©) and aqueous solutions of methanol
(�;  xM = 0.131), ethanol (♦; xE = 0.089) and propanol (�; xP = 0.070) on silanized glass.

that the surface energy of both measured hydrophobic materials
is lower than the surface tension of pure alcohols because con-
tact angles were measured for the full concentration range and
none of the solutions spread. The curve shape with two inflex-
ion points is similar to the curve of surface tension. Moreover, the
contact angles obtained for both surfaces were almost the same.
Identical contact angles for pure water and methanol on PTFE were
published by Sefiane et al. [7]. The dependence between the adhe-
sion tension and surface tension is linear for both tested materials
(�LV × cos � = −0.7724 �LV + 37.25; R2 = 0.9955). The similarity of
contact angles on both surfaces having almost the same surface
energy suggests that both of the interfacial energies are similar and
the solid–liquid interfacial energy is not influenced by additional
forces such as a different electrical charge or an electric double-
layer in the vicinity of the solid surface.

The dynamic wetting was  studied for the same solutions in
which the dynamic surface tension was  measured. In Fig. 5, data
are shown for pure water and alcohol–water mixtures with an
alcohol weight content of 20%. Full lines represent the average
value. The drop image was captured for 60 s. After this period
the evaporation effect was  visible. Nevertheless no drop spreading
was observed and therefore stable alcohol concentration should
be expected on both liquid–gas and liquid–solid interfaces. We
do not expect a significant influence of the spreading pressure.
The spreading pressures are low, for water on PTFE �s = 9 mN/m
and for propanol �s = 5 mN/m [25]. The vapour pressures of water
and propanol exhibit similarly low values at 25 ◦C (close to 3 kPa)
and even though the vapour pressure of methanol reaches almost
17 kPa, no significant influence of evaporation on the contact angle
was observed.

Fig. 6 presents the results for surfactant solutions. In all cases,
contact angle decrease, is caused by the more or less fast transport
of surfactant molecules to the three-phase contact line. Although
the surfactant behaviour in the vicinity of this line is still not
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Fig. 6. Dynamic contact angles of pure water (©) and aqueous solution of of SDS
(�, 5.2 mmol/l), DTAB (�, 16.2 mmol/l), C12EO5 (�, 0.045 mmol/l) and Triton (�,
0.25 mmol/l) on silanized glass.
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ig. 7. The plot of cosine of contact angle (silanized glass in A and PTFE in B) against
urface tension.

escribed in full detail [18], the drop spreading is typical for sys-
ems where the concentration of one component on the interface
s changing. It could be concluded, based on the measurement of
ynamic surface tension and dynamic wettability, that both the
ulk and interfacial quantities are constant in the short and medium
ime periods.

.3. Combination of surface tension and contact angles
In Fig. 7, the data on surface tension and contact angle are com-
ined together and the cosine of contact angle is plotted against
urface tension. Data for the silanized glass surface are illustrated
n Fig. 7A and for PTFE in Fig. 7B. The full line illustrates Zisman’s
cochem. Eng. Aspects 489 (2016) 200–206 205

method whereby the nearly linear dependence between cos � and
�LV is assumed for pure liquids.

Contact angles of water–alcohol mixtures are much higher when
compared with data for organic liquids. The maximum difference
reaches nearly 20◦. This is evidenced by the contact angle of 57.9◦

for m-cresol (�LV = 36.6 mN/m)  and contact angle of 76.3◦ for the
propanol solution with 0.1 molar fraction (�LV = 36.3 mN/m). In
both cases the drops did not spread and thus the local equilibrium
could be considered. Young’s equation describes the equilibrium
on a solid–liquid–vapour interface and with a simplified approach
it can be used for the description of wetting behaviour of non-
spreading liquids [26]. Aqueous solutions of short chain alcohols
exhibit notable aggregation of their molecules. This internal struc-
ture significantly influences both the bulk (viscosity) and interfacial
properties (surface tension). This phenomenon is discussed in
detail later. Data for surfactant solutions show considerable vari-
ance of values which could be caused by imprecise measurement
due to the time dependence of both contact angle and surface ten-
sion. Nevertheless the contact angles of surfactant solutions are still
lower than for alcohols.

4.4. Influence of internal structure of water–alcohol mixtures

Multiple studies by several independent experimental meth-
ods demonstrated that short chain alcohols aggregate with water
molecules in aqueous solutions. The most comprehensive study
was published by Zdziennicka and co-workers [3–6]. Based on the
measurement of surface tension, density, viscosity and using the
light scattering method they proved the existence of micelle like
groupings consisting both of alcohol and water molecules. The vis-
cosity is determined by the interaction between the molecules
in the bulk liquid and thus its highest excess viscosity is con-
nected with the strongest coherence of interacting molecules. For
all measured alcohols, the viscosity maximum was found for molar
concentration between 20 and 30% [3,27–29]. A consistent picture
of the molecular organization in the mixture as a function of the
composition can also be obtained by using ultrasound propaga-
tion and IR spectroscopy. D’Angelo et al. [30] divide alcohol–water
mixtures into several types. For very low alcohol concentrations,
the solution is essentially monomeric. In the middle concentration
region one observes a progressive aggregation of alcohol molecules
accompanied by a modification in hydrophobic hydration which
is often connected with the existence of clathrate-like structures
or micelle-like micro-aggregates. For propanol, the middle region
ranges from 0.03 to 0.2 mole fraction. The cluster structure for
alcohol–water mixtures was confirmed also by the X-ray scat-
tering technique. Using this technique Takamuku et al. [31,32]
confirmed that the structural transition of predominant clusters
from the tetrahedral-like structure of water to hydrogen-bonded
alcohol chains takes place at xM ∼ 0.3, xE ∼ 0.2 and xP ∼ 0.1, resp. At
higher alcohol concentrations (xP > 0.7) the hydrogen-bonded chain
clusters predominate.

The viscosity is determined by the properties of the bulk liq-
uid, whereas the surface or interfacial tensions are determined
by properties of the appropriate interfacial layer. In solutions of
surface-active agents, the surface tension decreases due to the
increasing concentration of surfactants in this layer. The surfactant
molecules are concentrated in the monolayer and their concentra-
tion here is determined by both the surfactant concentration in the
bulk liquid and by an ease of transport which is usually expressed
using the diffusivity coefficient. A low motion toward the inter-
face was  observed for pentaethylene glycol monododecyl ether

(see Fig. 3). For surfactants with long, flexible or complex struc-
tures, the existence of some adsorption barrier is also expected.
This adsorption barrier prevents the monomer from adsorbing. This
barrier may  be due to increased surface pressure, less ‘vacant sites’
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vailable for adsorption or there may  also be steric restraints on
he molecule in the proximity of the interface, and it may  have to
e in the correct orientation to adsorb [33]. To conclude, surface-
ctive agents are adsorbed on the interfacial monolayer gradually
nd thus the dynamic adsorption and dynamic surface tension are
ypical for their solutions.

In aqueous solutions of short chain alcohols, alcohol concentra-
ions differ in bulk liquid and on the interface too. For example,
he positive alcohol surface excess concentration on the liquid–air
nterface was quantified and evaluated using Gibbs isotherm [3].
owever, the composition of this interfacial layer is stable over time
hich was proven by dynamic surface tension measurement. Thus

t is possible to consider that the molecules located at the interface
orm also certain aggregates with other molecules in their neigh-
ourhood. The stability of these groupings is the same as in bulk

iquid. The similar stability could be assumed also on solid–liquid
nterface. Both tested materials, namely silanized glass and PTFE,
ave identical surface energy and almost identical contact angles on
hese surfaces and were obtained for the alcohol–water mixtures
n the whole concentration range as shown in Fig. 4. Therefore, we
elieve that alcohol and water molecules form stable aggregates on

nterfacial layers (liquid–air and solid–liquid). Although the com-
osition of aggregates in bulk liquid and on the interface differs, this

nternal structure causes the higher contact angles when compared
ith pure liquids with the same surface tension.

. Conclusions

An experimental study of the wetting behaviour of methanol,
thanol and n-propanol aqueous solutions on two similar
ydrophobic surfaces in a full concentration range was conducted.

Alcohol–water mixtures exhibit notable aggregation of their
olecules and this internal structure significantly influences the

ulk liquid properties as viscosity or volume. On the basis of
he experimental measurement of dynamic surface tension and
ynamic liquid drop spreading we proved that in studied mixtures
o dynamic adsorption of alcohol molecules occurs on liquid–air
r liquid–solid interfaces in timescales greater than 10 ms.  Thus,
he stable concentration both of water and alcohol molecules is
ssumed on the phase interfaces. It is possible to expect that the
olecules located at the interface form aggregates with other
olecules in their neighbourhood. The internal structure of such

ggregates does not depend on the solid surface. This means that
at and homogenous surfaces which have similar surface energy
hould have similar wettability. To conclude, the complex internal
tructure of aqueous solutions of short chain alcohols, where the
ross-association between water and alcohol molecules and fol-
owing cluster formation are coming about, influences the surface
roperties of these solutions and the higher contact angles thus
hould be expected.
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Bubble  adhesion  onto  a hydrophobic
surface was  captured  using  a high-
speed camera.
Three  non-ionic  surfactants  differing
in the  structure  were  compared.
The  coherence  between  TPC  line
expansion,  surface  tension  and  wet-
tability  is studied.
The  suitability  of  non-ionic  surfac-
tants as flotation  agents  is  discussed.
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a  b  s  t  r  a  c  t

Bubbles  and  drops  are  entities  of enormous  practical  interest  since  their interfaces  are  encountered
in  numerous  industrial  processes.  Froth  flotation  is  just  one  of the  examples  in which  bubble–particle
attachment  and  especially  fast  bubble  adhesion  play  a  vital  role.  This  work  is  focused  on  the  experimental
study  of the three-phase  contact  (TPC)  line expansion  during  the  bubble  adhesion  onto  the  hydrophobic
surface  in  solutions  of  three  non-ionic  surface-active  agents  (Terpineol,  Triton  X-100  and  pentaethylene
glycol  monododecyl  ether),  which  differ  in their  structure.  The  diameters  of  the  TPC  line together  with
bubble  dynamic  contact  angles,  dynamic  surface  tension,  bubble  rising  velocity  and  dynamic  drop  contact
ubble adhesion
hree-phase contact line expansion
on-ionic surfactants
urface tension
ontact angles

angles were  measured.  It was  confirmed  that the bubble  adhesion  is  fast  in  solutions  of such  surfactants
whose  hydrophobic  and  hydrophilic  parts  are  small.  On  the  other  hand,  surfactants  with  long  and  flexible
hydrophobic  tails  exhibit  more  complex  behaviour  which  usually  leads  to  slower  bubble  adhesion.  The
molecule  steric  orientation  in  the  proximity  of the  interface  strongly  influences  the surfactant  motion
and  thus  the  predictability  of  bubble  attachment  efficiency  is low.

©  2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

Over the past century, plastics have become an essential mate-
ial being commonly used in a wide variety of applications due

o their lightweight and excellent thermal and electrical insula-
ion properties [1]. Plastics are used for medicinal purposes such as
nblocking blood vessels or in prosthetics, in everyday products

∗ Corresponding author.
E-mail address: pavlina.basarova@vscht.cz (P. Basařová).

ttp://dx.doi.org/10.1016/j.colsurfa.2015.11.069
927-7757/© 2016 Elsevier B.V. All rights reserved.
including packaging for food and other goods, in the automo-
tive industry, and in sports equipment and safety equipment like
helmets or fire suits. The high demand for plastics means a high pro-
duction rate with an estimated 57 million tonnes being produced
in 2013 from the EU-27 alone, while simultaneously producing a
high level of waste. By 2020, the EU-27 has set a target of having
zero plastics dumped in landfills. This target was set because plas-
tic products at the end of their life are too valuable to discard since

they can be re-formed into their original state, utilised to generate
heat and power from combined heat and power plants, or used to
bolster plastic supplies.

dx.doi.org/10.1016/j.colsurfa.2015.11.069
http://www.sciencedirect.com/science/journal/09277757
http://www.elsevier.com/locate/colsurfa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.colsurfa.2015.11.069&domain=pdf
mailto:pavlina.basarova@vscht.cz
dx.doi.org/10.1016/j.colsurfa.2015.11.069
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Of the four stages in plastic recycling: collection, separation, pro-
essing/manufacturing and marketing, separation is considered to
e the most important as only the highest quality resins can be used
or preparing plastic or chemical products. Currently, methods such
s gravitational separation, automatic sorting and electrostatic sep-
ration are used however each have their own advantages and
isadvantages. The EU has invested in developing new methods

or the separation of plastics after collection, including smart and
reen interfaces, to help reach its goal. This method utilises flota-
ion to separate the plastics, an already proven efficient separation

ethod in mineral processing where the attachment of bubbles
ncreases the floatation of some materials while depressing others
llowing separation to occur. During flotation, a stable froth has
o be maintained above the flotation pulp in order to collect the
oated valuable particles. Therefore the surface-active agents are
dded to the flotation liquid. Surfactants also adjust the required
urface tension of the bulk liquid [2–4]. An important aspect of
otation is how the bubbles attach onto the particles and how the
urfactants influence the expansion of the three-phase contact line
etween the bubble and the material for which currently little is
nown about [2].

Surfactants play an important role in interface science, com-
only being used as wetting agents. Wetting agents are substrates

hat can enhance the ability of a solution to wet a solid surface
llowing for easier spreading by lowering the surface tension of
he liquid as well as the interfacial tension between the two liq-
ids [5]. According to their structure, surfactants are amphipathic
rganic compounds that are composed of both a hydrophobic and
ydrophilic section. Surfactants can be grouped into one of the fol-

owing categories depending on the charge group on the head [6]:
nionic, cationic, non-ionic and zwitterion.

In water, surfactants have two options to ensure each section
nteracts with its favoured environment. Firstly, it can arrange itself
o that the hydrophobic head is above the water surface while the
ydrophilic head is still submerged. Secondly, they can arrange into
icelles, where the molecules form aggregates so that the head is

xposed to water while the tail points towards the centre of the
ggregate interacting with each other. The critical micelle concen-
ration (CMC) is the concentration at which micelles form and any
urfactant molecules that are subsequently added will join on to
he micelles.

.1. Bubble adhesion onto the hydrophobic surface

The bubble adhesion onto the hydrophobic particle and the
tability of created unit determine the effectiveness of the whole
eparation process in flotation. It is commonly accepted that the
ubble attachment consists of two terms: (1) the thinning of liq-
id film to a critical thickness where the rupture of the liquid film
egins; and (2) the expansion of the three-phase contact line to
orm a stable wetting perimeter [7,8]. This perimeter is usually
amed as the three-phase contact line (TPC line). The rupture of
he liquid film is a very quick process and thus its description is
onvoluted. Initially it was assumed that the rupture is connected
ith the density fluctuations and the TPC contact arises from a

ole of a certain diameter in the intervening liquid film [2–10].
ccording to new findings the existence of nanobubbles attached

o the solid surface is crucial [11–13]. After the formation of the TPC
ine its movement can be observed. Spontaneous movement occurs

hen the system is relaxing from nonequilibrium to an equilib-
ium state. In the literature, there are two approaches dealing with
he kinetics of the TPC line based either on the hydrodynamic or
olecular-kinetic theories. The hydrodynamic approach assumes
ainly the viscous shear flow as a dissipative force [14,15] whereas

he molecular-kinetic model follows the principles of surface chem-
stry. The theory is based on the statistical mechanics treatment of
icochem. Eng. Aspects 505 (2016) 64–71 65

the transport processes of molecules and ions [16] and according
to our findings the agreement with experimental data is excellent
[17].

From the flotation perspective it is important that the bubble
adhesion onto the solid surface is rapid, otherwise the flotation effi-
ciency is low. In pure water, the stable perimeter of the TPC line is
formed within a few milliseconds [18]. The surfactant presence may
significantly affect the kinetics of this process. The TPC line dynam-
ics could be influenced by the surfactant adhesion on solid–liquid,
solid–gas and liquid–gas interphases and also by the Marangoni
flow along the bubble surface due to the changing surfactant con-
centration [19]. This work is not focused on the explanation of the
above mentioned phenomena although they will be discussed fur-
ther. The aim is to compare three types of non-ionic surfactants
differing in their structure and try to evaluate the bubble adhesion
dynamics in solutions of these surfactants.

2. Experiments

2.1. Surfactants

The surfactants used in this study were �-Terpineol (here
labelled as Terpineol, CAS No. 98-55-5), Triton X-100 (polyethy-
lene glycol tert-octylphenyl ether, here labelled as Triton, CAS No.
9002-93-1) and pentaethylene glycol monododecyl ether (labelled
as C12E5, CAS No. 3055-95-6). All surfactants were of high purity
grade (≥98%) from Sigma–Aldrich and were used without further
purification. Aqueous solutions of these surfactants with desired
concentrations (see Table 1) were prepared by dilution with pure
water (distilled, de-ionised and de-mineralised) at 25 ◦C.

2.2. Material

A silanized glass was used as a model hydrophobic surface. The
silanization method is based on the covalent attachment of func-
tional organosilanes to silica or glass. Silanes are believed to react
with the exposed hydroxyl groups of silanols on the glass surface
and, under optimal conditions, they form a uniform monolayer [20].
In our project the common type of silanized glass was used: the
Silanization solution I was  supplied by Sigma-Aldrich (5% solu-
tion of dimethyldichlorosilane in heptane, CAS No. 75-78-5). The
silanization method was  applied according to recommendations
from the literature [20]. The glass material (microscopic slides) was
cleaned in a boiling mixture of sulphuric acid and hydrogen perox-
ide (1:1) for 1 min, then rinsed several times with distilled water
and dried. The slides were dipped into the silanization solution for
24 h, and then rinsed firstly with pure heptane then with acetone
and ethanol in order to remove all organic residues, and finally
they were dried. The silanized slides were stored in a dry place
to avoid contact with air humidity. The surface homogeneity was
tested using the AFM method. On clean glass, the maximum rough-
ness reached a height of 60 nm (average 15 nm), and on silanized
glass the maximum roughness reached a height of 160 nm (aver-
age 30 nm). The measurement was conducted within 1 week after
preparation. Contact angles for pure water ranged from 103.1 to
104.3◦.

2.3. Apparatus

The experimental measurements were performed in a special
glass flotation cell (50 cm height, 8 cm width and 6 cm depth) using
the freely rising method. Single bubbles were created by a bub-

ble generator at the top of a thin capillary (inner diameter 10 �m,
outer diameter 375 �m)  and after detachment from the capillary
the bubble rose through the liquid to the solid particle represented
by silanized glass placed on a horizontal plane. The process of
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Table  1
Characteristics of surfactants and their aqueous solutions used in the present study. Chemical formula, topological polar surface area according to PubChem©, critical micelle
concentration and used solution concentration.

Surfactant Chemical formula and
structure

Topological polar
surface area (A2)

CMC  literature
(mmol/l)

CMC
experiment
(mmol/l)

Measured
concentrations
(mmol/l)

2-(4-Methyl-1-
cyclohex-3-enyl)
propan-2-ol
(�−Terpineol)

20.2 Not found – 1.0, 2.0, 5.0

Polyethylene glycol
tert-octylphenyl
ether (Triton X-100)

103–110 0.22–0.24 0.21 0.1, 0.25, 0.5

Pentaethylene glycol
monododecyl ether
(C12O5)

66.4 0.064–0.076 0.067 0.026, 0.045, 0.068, 0.134
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Fig. 1. Sequences of photos illustrating a course and outcome of the bubble collis

ubble–particle interaction, i.e. the bubble motion before the colli-
ion with the solid particle and during the adhesion was recorded
sing high-speed digital camera (2 000 fps, resolution of 1280 × 256
ixels) Redlake Motion Scope M2 with the macroobjective Navitar.

mages were evaluated using the image analysis software NIS-
lements and MatLab software, calculations were performed using
he MatLab software. Between 3 and 5 series (of desired bubble
ize) were generated for each surfactant concentration and each
eries consists of 10 measurements. The resulting diameters of the
PC line (dTPC) and bubble contact angles (�b) were calculated as
he average of at least five measurements.

.4. Experimental methods

The equilibrium surface tension was measured by a tenziome-
er Lauda TD1 using the Pt/Ir ring tenziometer method (du Nouy’s

ethod). The accuracy of the surface tension measurements by
his tenziometer was 0.15 mN/m.  In all cases, more than 10 suc-
essive measurements were performed. The standard deviation did
ot exceed 0.2 mN/m. This method was used for the CMC  determi-

ation. Dynamic surface tension was determined by the maximum
ubble pressure method using the Krűss BP100 tenziometer. The
urface age ranged from 10 ms  to 50 s. All experiments were done
t 25 ◦C ± 0.2 ◦C.
d adhesion onto the solid surface. C12E5 solution (0.045 mmol/l), db = 0.696 mm.

The drop contact angles (�d) were measured too. A Cohu
monochrome CCD camera with a 752 × 548 pixel resolution was
used to capture the drop images with a frame velocity of 15 fps. At
least nine drops (V = 15 �l) on three slides were taken for each sur-
factant solution. NIS-Elements software was  utilized for the image
processing where the drop profile together with drop height, length
and contact angles were analysed. The liquid drop was  formed
by pumping the liquid using a motor-driven syringe placed in an
adjustable holder. Measurement with pure water was done before
each set of measurements in order to ensure the stable wettability
of the solid surface.

3. Results

3.1. Description of the experiment

As a typical example, Fig. 1 shows data obtained within
one experimental set. The adhesion of a bubble with diameter
0.696 mm in 0.045 mmol/l solution of C12E5 is given here. The bub-
ble approched the solid surface (A) and after the collision one
rebound was observed (B and C). Then the bubble remained still for

0.2 s(D). The time when the rupture of thin liquid film occurs was
set as a zero time (E). After this moment a rapid TPC line expan-
sion was  observed (F–H). After 0.1 s the expansion slowed (I). The
capturing was  interrupted after 0.68 s (J). At this time the bubble
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ig. 2. The calculated diameters of the TPC line and contact angles for bubble with
b = 0.696 mm.  Example of bubble adhesion in C12E5 solution (0.045 mmol/l).

hape was stable and the diameter of the TPC line together with
ontact angles did not change for more then 0.1 s. The calculated
iameters of the TPC line and contact angles are depicted in Fig. 2.
he non-zero diameters of TPC line and contact angles during the
eriod before the liquid film rupture have no physical meaning and
hese values result from the image analysis (see detail D in Fig. 1),
here the software is not able to differentiate the thin liquid film

etween the bubble and solid surface. The dynamic contact angles
b were calculated using the ADSA method which exploits the best
t of point coordinates around the bubble [21]. A close relationship
etween the TPC line diameter and dynamic contact angle is evi-
ent and follows theoretical assumptions published previously by
lake and Haynes [22].

.2. Bubble rising velocity

When surfactants are present in the fluid, they absorb at the
nterface of a rising bubble and accumulate in the bubble rear sec-
ion. In this case the shear stress is higher and consequently the
ubble drag increase, with an immobilization of the gas–liquid

nterface. This is manifested by an increase of the drag coefficient
d. Thus by using the measurement of bubble terminal velocity we
an characterize the mobility of bubble surface.

The terminal bubble velocity Ub could be calculated using the
rag coefficient which is a function of bubble Reynolds number.
he relation for the drag of solid spherical particles is also appli-
able for bubbles with surfaces immobilized by surfactants [23].
ll experimental terminal bubble velocities were consistent with

he theoretical values. Therefore we could consider the immobility
f bubble surface. It means that at least the rear part of the bub-
le surface was covered by surfactants. The only exception was  the
ost diluted solution of C12E5, where the velocity for db > 0.7 mm
as increased by 15%. This fact indicates the lower coverage by

urfactants.

.3. Dynamic surface tension

Fig. 3 illustrates the dependence of dynamic surface tension for
olutions of Terpineol, Triton and C12O5 as functions of the surface
ge. This quantity represents the time needed to create a new bub-
le of desired size. For pure liquids the surface tension does not
epend on the bubble surface age and we obtain the same value
egardless of the method of measurement. For pure water, the sur-

ace tension at 25 ◦C is 72.1 mN/m.  In solutions of surfactants, the
urface tension changes over time. A freshly formed interface of

 surfactant solution has a surface tension very close to that of
 solvent. Over a period of time, surface tension will decay to its
Fig. 3. Dynamic surface tension of measured surfactant solutions.

equilibrium value and this period of time can range from millisec-
onds to days depending on the surfactant type and concentration.
For concentrations below the CMC, there are two main models
for monomer transport and adsorption: diffusion controlled model
and mixed kinetic-diffusion model. Above the CMC, the micelles
present in the solution have a certain lifetime for break-up. If the
micelles are stable entities with long lifetimes, the molecules in the
micelles may  not be available for adsorption. In effect, the concen-
tration of molecules diffusing to the interface will be equal to the
CMC, regardless of the bulk concentration of surfactant [24].

Terpineol belongs to simple surfactants and is considered to be
one of the most important flotation agents. We  did not find any
information about the micelle formation and critical micelle con-
centration. Nevertheless it is apparent from Fig. 3A that Terpineol

exhibits the typical decrease of surface tension over time. For higher
concentrations (5 mmol/l) the decrease is evident even after 10 mil-
liseconds, so the timescale of adsorption from the subsurface to the
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Fig. 4. Contact angles of surfactant solutions droplets on silanized glass.
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nterface is very fast. Thus the simple model of adsorption process
hould be considered.

Triton is a more complex molecule. As shown in Fig. 3B, for
urfactant concentration both below and above CMC  the surface
ension decreases to its equilibrium value. The initial adsorption
ccurs after 10 ms  and the process reaches the equilibrium roughly
fter 50 s. Similar values were obtained by Fainerman [25]. Due
o the time lag in the beginning of adsorption the mixed kinetic-
iffusion model is to be expected. There is an adsorption barrier
reventing the monomer from adsorbing. This barrier may  be
ue to increased surface pressure, less ‘vacant sites’ available for
dsorption or there may  also be steric restraints on the molecule in
he proximity of the interface, and it may  have to be in the correct
rientation to adsorb [24].

The slowest adsorption occurs in the case of C12O5. As follows
rom Fig. 3C, the initial adsorption occurs after 100 ms  and the equi-
ibrium was not reached even after 50 s. The molecule of C12O5
s long and flexible. In such cases it could be expected, that the
reviously adsorbed molecules even prevent other molecules from
dsorbing. It could be concluded from the measured data that the
uickest adsorption could be expected for Terpineol solutions.

.4. Liquid drop spreading

The dependence of the contact angle (sessile drop on silanized
lass) for solutions of Terpineol, Triton and C12O5 as functions
f time is illustrated in Fig. 4. The contact angle for pure water
emains stable whereas for surfactant solutions we can observe
ypical spreading behaviour [26]. The authors believe that the mea-
ured values are not strongly influenced by the evaporation effect
nd thus no correction was done.

The studied solutions of Terpineol exhibit a lower decrease in
urface tension when compared with pure water. Thus the contact
ngles are comparatively high. Solutions of Triton and C12E5 have
ignificantly lower surface tension ranging from 50 to 30 mN/m
nd the measured contact angles are also lower. The complete
preading was not observed for any studied solutions. From these
easurements we are not able to evaluate the influence of sur-

actant adsorption onto the solid–liquid interface. Nevertheless it
ould be assumed that the adsorption on liquid-air interface is dom-
nant for the bubble/drop wetting dynamics when compared with
he influence of surfactant adhesion onto the liquid–solid interface.

.5. Bubble dynamic contact angles

Although the descriptions of both drop and bubble shapes are
ased on the same theoretical background, the literature concerned
ith the description of bubble shape is scarce [21]. Moreover when

mages of a sessile drop and a sessile bubble are compared, the
uality of the bubble image is usually lower. It is due to the light
eflection at both the solid–liquid (vessel) and gas–liquid (bubble)
nterfaces and usually also due the lower pixel resolution of high-
peed cameras. In our measurements we believe that the accuracy
f the contact angle determination is ±3◦.

For small drops of pure liquids the contact angle does not change
ith changing drop size [27]. For example it is valid for water below

he drop radius of 2.7 mm.  Otherwise we should consider both cap-
llary and gravity forces acting on the sessile drop. The capillary
ength � characterizes the mutual relation between the gravita-
ional/buoyancy acceleration and the surface force due to the liquid
urface tension. For bubbles with diameters below 1 mm we  can

lmost neglect the influence of buoyancy because � ≈ 8.5cm. Thus
n pure water we should expect the independence of equilibrium
ubble contact angle on bubble size. This was proven as demon-
trated in Fig. 5A.
In the case of surfactant solutions we should consider both the
preferential adsorption of surfactant molecules on the phase inter-
faces and motion dynamics of surfactant molecules towards and
on the bubble surface. Consequently the bubble equilibrium contact
angle may  vary with increasing bubble diameter. This phenomenon
is illustrated in Fig. 5B. Here the contact angles for four bubble
diameters in 0.045 mmol/l solution of C12E5 are given. The equilib-
rium contact angles range from 30.9 to 48.7◦. This difference is the
biggest one; we observed much smaller changes in the dependence
of contact angle on bubble size also for solutions of Triton. These
results will be discussed in the next chapter. It should be noted that
the angle oscillations (clearly visible for db = 0.70 mm)  were caused
by the variations in light intensity due to the alternating current.
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.6. The three-phase contact line expansion

The stability and velocity of bubble attachment determines the
ffectiveness of the whole separation process in flotation. Thus both
ast adhesion process and high contact angles are required. Unfor-
unately the accuracy of contact angle measurement is relatively
ow and therefore primarily the three-phase contact line diame-
ers dTPC were measured and discussed. Here, the close relationship
etween time course of the TPC line diameter and dynamic contact
ngle is considered [22]. In order to highlight the influence of sur-
actant adsorption on bubble shape we evaluate the ratio dTPC/db.
or systems where the bubble size does not influence the contact
ngle the ratio remains constant. On the other hand, in case of
urfactants with a complex adsorption dynamics we  assume the
hanging ratio.

The results are illustrated in Fig. 6. For comparison, data
btained for pure water are also given here [17]. For pure water
detail A), similarly as is the case with dynamic bubble contact
ngles, the independence of ratio dTPC/db on bubble size was
bserved. The experimental value 1.24 matches with the theoret-

cal assumption. The theoretical ratio calculated for an absolutely
pherical bubble and contact angle �b = 90◦ is 1.26. The stable bub-
le position (expressed as 95% of equilibrium dTPC) was achieved in
0 ms.  The obtained bubble dynamics meets the requirements of a
ast dynamics and stable bubble attachment but in real industrial
pplications we use solutions of flotation agents.

Data for Terpineol solutions are given in detail B. For all concen-
rations, the adsorption process is very fast and the stable bubble
osition was achieved within 30 ms.  This time is considered to be
ufficient even for industrial processes performed in mixed batches.

lso the bubble attachment is stable since the ratio dTPC/db is 1.0
nd 1.1 for concentrations 5 and 2 mmol/l, respectively. The equi-
ibrium contact angles were 70◦ (conc. 5 mmol/l) and 82◦ (conc. 1,
icochem. Eng. Aspects 505 (2016) 64–71 69

2 mmol/l) while the dependence of contact angle on bubble size
was negligible. These high contact angles also ensure the stable
bubble position for high concentrations where the surface tension
is close to 50 mN/m. According to the dynamic surface tension mea-
surements, the timescale of adsorption from the bulk liquid to the
interface is very fast. To conclude all known information about
Terpineol we  can summarize that terpineol molecules are small,
their transport from the bulk to the interface is fast and the bubble
attachment is stable. In terms of flotation terpineol seems to be an
excellent flotation agent.

When comparing Terpineol and Triton molecules we  can see
that the hydrophobic part containing the benzene ring is simi-
lar for both surfactants. On the other hand, the hydrophilic part
differs and the Triton’s “head” is longer because it contains 9–10
oxygen atoms. Also its topological polar surface area is about 5
times larger. Therefore it can be assumed that the bubble adsorp-
tion is much slower. This assumption was  fulfilled and the results
are illustrated in Fig. 6C. The stable bubble position which is close
to the equilibrium was achieved for up to 300 ms.  Almost equal
results were obtained for solutions with concentrations both bel-
low and above CMC. The ratio dTPC/db ranged from 0.7 to 0.8. The
ratio value below 0.9 indicates unstable bubble attachment with
low contact angles. For all Triton’s solution the equilibrium contact
angles ranged from 48 to 54◦ and the dependence of contact angle
on bubble size was again insignificant. Hence from a flotation point
of view Triton seems to be an unsuitable agent. Nevertheless the
bubble adsorption dynamics is predictable. It could be concluded
from the dynamic surface tension measurement that within 1 s
the bubble surface is covered by a sufficient amount of surfactant
molecules. The total bubble life time in our experiment is much
longer because it consists of (i) the time of bubble formation on
a capillary tip, (ii) the time of the bubble rising to the solid sur-
face and (iii) the time delay due to the liquid film thickening before
the TPC line expansion. During the rising movement the surfactant
molecules are located in the rear section and form a stagnant cap
[28]. The time delay, when the liquid film thinning occurs, takes a
few seconds and due to the concentration gradient the surfactant
molecules could distribute over the entire bubble surface. We  think
that the surfactant molecules which are present in the close vicinity
of the three-phase interface prevent the fast TPC line expansion.

The results obtained for C12E5 solutions are given in Fig. 6D. It
is clearly visible that dTPC is strongly influenced by both the sur-
factant concentration and bubble size. The ratio dTPC/db increased
with increasing bubble size as in the case of bubble contact angles
(see Fig. 5B). Only for the concentration 0.068 mmol/l, which is
equal to the CMC  concentration, the influence of bubble diameter
was negligible. For large bubbles (db = 0.72 mm)  and low concentra-
tion (0.026 mmol/l) the stable bubble position was achieved within
20 ms.  This period is similar to pure water or Terpineol solutions.
On the other hand, for high concentrations the bubble adsorption
was achieved for up to 400 ms  and dTPC/db≈0.5. The bubble adsorp-
tion is slower than for Triton solutions. Thus it is clear from these
mentioned data that any prediction of bubble adhesion dynam-
ics or flotation efficiency is very problematic. In terms of flotation
C12E5 seems as absolutely unsuitable flotation agent. But still the
question remains, how to explain such behaviour.

In case of large or else complex molecules, an adsorption barrier
preventing the monomer from adsorbing should be expected [24].
This barrier comes into existence in dilute solutions, then rises with
increasing concentration and again changes close to the CMC con-
centration. The existence of such a barrier is often connected with
some steric restraints on the molecule in the proximity of the inter-
Unsuitable orientation could cause the molecule to diffuse back into
the bulk rather than adsorbing. Moreover Rutland and Senden [29]
showed that polyoxyethy1ene based surfactant could create small
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Fig. 6. The ratio dTPC /db for bubble a

ggregates and so the spatial orientation of molecules on the inter-
ace changes with increasing surfactant concentration. We  assume
hat for large bubbles and low concentration the attachment of
12E5 molecules in the stagnant cap is very stable. The molecules
ould not overcome the concentration gradient and thus they are
ot present in the vicinity of future TPC lines. For smaller bubbles
he overcoming distance is shorter and the molecules hinder the
PC line expansion more easily. The extremely slow transport of
12E5 molecules was proven using the dynamic surface tension
easurement. Anyhow, the behaviour of C12E5 is highly non triv-

al and should be studied in more detail in order to explain the
ependence of bubble contact angle on bubble size.

. Conclusion

In the present work we have analysed the influence of non-ionic
urfactants on dynamics of bubble adhesion onto the hydrophobic
urface. Here, the enormous influence of surfactant size and struc-
ure was observed. The bubble adhesion is fast in solutions of such
urfactants, whose hydrophobic and hydrophilic parts are small.
ue to the immediate transport of molecules onto the liquid-gas

nterface the decrease of surface tension is fast and also the small
olecules do not significantly hinder the TPC line expansion. Ter-

ineol seems like a typical representative of such a substance. The
ubble attachment is stable even in solutions with higher concen-
ration (with lower surface tension) and therefore Terpineol can be
ecommended as a suitable flotation agent.

Surfactants with long and flexible hydrophobic tails exhibit
lower and more complex behaviours. In general we can say that

he bubble adhesion is very slow in solutions with surfactant
oncentration close to or above CMC. Simultaneously the bubble
nterception is unstable. At lower concentrations, both the surfac-
ant structure and bubble size play an important role. We  assume
n in water and surfactant solutions.

the existence of adsorption barriers close to the interfaces which
influences the surfactant motion. Molecules of pentaethylene gly-
col monododecyl ether are very long and could create certain small
aggregates captured on the phase interface. The transport of such
molecules is very low and thus, surprisingly, their influence on the
velocity of TPC line expansion could be very low. Similar phenom-
ena were not observed for Triton solutions. The explanation of the
observed complex behaviour is far more speculative; but it is cer-
tain that non-ionic surfactants with long hydrophobic chains are
unsuitable as flotation agents.
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thank Dr. Jiří Vejražka for his support.

References

[1] H.T. Shent, R.J. Pugh, E. Forssberg, A review of plastics waste recycling and the
flotation of plastics, Resour. Conserv. Recyl. 25 (1999) 85–109.

[2] A.V. Nguyen, H.J. Schulze, Colloidal Science of Flotation, Marcel Dekker, Inc.,
New York, 2004.

[3] S. Paria, K.C. Khilar, A review on experimental studies of surfactant adsorption
at the hydrophilic solid–water interface, Adv. Colloid Interface 110 (2004)
75–95.

[4] N. Fraunholcz, Separation of waste plastics by froth flotation—a review, part I,
Miner. Eng. 17 (2004) 261–268.
[5] R.A. Pyter, G. Zografi, P. Mukerjee, Wetting of solids by surface-active
agents—the effects of unequal adsorption to vapor liquid and solid liquid
interfaces, J. Colloid Interface Sci. 89 (1982) 144–153.

[6] M.J. Rosen, Surfactants and Interfacial Phenomena, 3rd ed., John Wiley & Sons,
Inc., Hoboken, New Jersey, 2004.

http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0005
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0010
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0015
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0020
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0025
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030
http://refhub.elsevier.com/S0927-7757(15)30428-3/sbref0030


: Phys

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

conditions of small Marangoni number and slow sorption kinetics, Adv.
Colloid Interface 222 (2015) 260–274.

[29] M.W.  Rutland, T.J. Senden, Adsorption of the poly(oxyethylene) nonionic
surfactant C12e5 to silica—a study using atomic force microscopy, Langmuir 9
(1993) 412–418.
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Bubble  adhesion  onto  a hydrophobic
surface  was  captured  using  a high-
speed  camera.
Two  typical  ionic  surfactants  differ-
ing  in purity  were  compared.
The  coherence  between  TPC  line
expansion,  surface  tension  and  wet-
tability  is  studied.
The  significant  influence  of  contam-
inants  even  in  trace  concentration  is
discussed.
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a  b  s  t  r  a  c  t

The  attachment  of  bubbles  onto  a collecting  surface  plays  a critical  role  in  many  industrial  processes.
Here,  the  bubble  behaviour  is  crucially  influenced  by  the  presence  of surface  active  agents,  where  the
ionic  surfactants  are  the  most  common  agents.  The ionic surfactants  very  often  contain  contaminants
which,  even  in trace  amounts,  could  unexpectedly  influence  the  bubble  adhesion.  This  work  is  focused  on
an experimental  study  of  bubble  adhesion  onto  the  hydrophobic  surface  in solutions  of  two  ionic  surface-
active  agents  (DTAB  and  SDS)  of pure and  technical  grade  purity.  The  diameters  of  the  three-phase  contact
ubble adhesion
onic surfactant
mpurities
ubble-particle interaction

line  together  with  bubble  dynamic  contact  angles,  dynamic  surface  tension  and  dynamic  drop  contact
angles  are  measured.  It was  observed  that  the contaminants  decrease  the  ability  of  bubbles  to  attach
to  solid  surfaces  when  compared  with  the  mono-surfactant  solution.  The  influence  of  contaminants  is
crucial  below  the critical  micelle  concentration  of  the  main  surfactant  and  it may  even happen  that  the
capture  of bubbles  is avoided.

©  2017  Elsevier  B.V.  All  rights  reserved.
∗ Corresponding author.
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1. Introduction
Ionic surfactants are the largest group of surfactants used today
with more than 75% of total worldwide consumption. Within the
anionic group there are sulphate esters, sulfonic acid salts, carboxy-
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86 P. Basařová et al. / Colloids and Surfaces A:

ate soaps and detergents and phosphoric acid esters. The sulphate
ster family is one of the most significant due to the sodium dode-
yl sulphate (SDS); the most widely studied and used surfactant.
ationic surfactants are important in cosmetics as antiseptic agents,
s fungicides, germicides, fabric softeners and hair conditioners.
he sources of hydrophobic groups are mostly natural fatty acids
r derivatives from petrochemical compounds; in all cases they
ontain nitrogen. One of the most studied cationic surfactants is
odecyltrimethylammonium bromide (DTAB). The ionic surfac-
ants used both in industrial applications and in scientific studies,
s a rule, contain some admixtures of non-ionic surfactants or other
ontaminants. The principal organic contaminants are homologous
lkyl sulphates, n-alcohols and carboxylic acids. It is extremely dif-
cult to prepare SDS that is sufficiently pure for surface chemistry

1]. Dodecanol is the most important contaminant and is one of
he hardest to remove [2–5]. Even at impurity levels below 0.1%,
odecanol reduces the surface tension and leads to the well-known
inimum below the critical micelle concentration (CMC). Dode-

anol also significantly influences the surfactant adsorption on the
olid-liquid interface [1,6]. The presence of dodecanol in SDS solu-
ions has a dramatic effect not only on the surface properties, but
lso on shear viscosity and foam stability [1,7]. In contrast to the
ir-water interface, traces of dodecanol have little effect on the oil-
ater interface because dodecanol is highly soluble in the oil phase

8]. The coadsorption is most often studied on liquid-air interface
2–4,9] using the dynamic surface tension measurements and on
ydrophobic surface by sum-frequency spectroscopy [1].

Flotation is a separation method based on the ability of some
olids to remain attached to the gas-liquid interface. The attach-
ent of bubbles onto a collecting surface plays a critical role in

otation, which is utilized for the separation of mineral ores, coal
r plastic materials. An important aspect of flotation is how the
ubbles attach onto the particles and how the surfactants influ-
nce the expansion of the three-phase contact line between the
ubble and the material for which little is currently known about
10,11]. The bubble adhesion onto the hydrophobic particle and
he stability of the created unit determine the effectiveness of
ubble-particle interactions. The bubble attachment consists of
wo terms: (1) the thinning of liquid film to a critical thickness
here rupture of the liquid film begins; and (2) the expansion of

he three-phase contact line to form a stable wetting perimeter
11,12]. This perimeter is usually known as the three-phase contact
ine (TPC line). After the formation of the TPC line its movement
an be observed. Spontaneous movement occurs when the sys-
em is changing from nonequilibrium to an equilibrium state. The
iterature mentions two main approaches when dealing with the
inetics of the TPC line based either on the hydrodynamic [13,14]
r molecular-kinetic theories [15,16]. In pure water, the stable
erimeter of the TPC line is formed within a few milliseconds [17]
ut the presence of surfactants may  significantly affect the kinetics
f this process [18–21]. The TPC line dynamics is influenced by the
urfactant adhesion on solid-liquid, solid-gas and liquid-gas inter-
hases and also by the Marangoni flow along the bubble surface
ue to the changing surfactant concentration [22]. In our previous
tudy, three non-ionic surfactants, differing in size and structure,
ere studied [23]. According to our conclusions, the bubble adhe-

ion is fast in solutions of such surfactants, whose hydrophobic
nd hydrophilic parts are small (Terpineol). Due to the fast trans-
ort of such molecules onto the liquid-gas interface, the decrease
f surface tension is fast and the small molecules do not signifi-
antly hinder the TPC line expansion. On the other hand, greater
r longer molecules of surfactants (Triton X-100, pentaethylene

lycol monododecyl ether) move slower and the velocity of bub-
le adhesion decreases significantly. Long and flexible molecules
ould create certain small aggregates captured on the phase inter-
ace or we can observe the existence of adsorption barriers close
cochem. Eng. Aspects 522 (2017) 485–493

to the interfaces influencing the surfactant motion. The dynamics
of TPC expansion is thus complicated and the prediction of bubble
behaviour is almost impossible. The ionic surfactants differ from
the non-ionic’s by the presence of positively (cationic) or negatively
(anionic) charged groups on the hydrophilic part of the molecule.
Their impact on bubble-particle interactions is extremely influ-
enced by the presence of contaminants. The coadsorption leads to
a significant decrease of the interfacial tensions which influences
the final contact angle. Thereby the bubble attachment efficiency
lowers, which has a significant impact on the entire flotation pro-
cess. The flotation attachment efficiency is generally formulated for
moving spherical particles and bubbles and it is defined by the ratio
of the number of captured bubbles onto the particle surface to the
number of colliding bubbles.

The paper presents results on the influence of different ionic
surfactants on the kinetics of the three phase contact (TPC) line
formation on a hydrophobic solid surface. Experiments were
carried out in pure and technical grade solutions of cationic n-
dodecyltrimethyl-ammonium bromide (DTAB) and anionic sodium
dodecyl sulphate (SDS). The influence of contaminants on bubble
attachment, bubble adhesion dynamics and velocity of TPC enlarge-
ment is described and discussed.

2. Experiment

2.1. Surfactants

Surfactants SDS and DTAB were purchased from Sigma-Aldrich
Chemical Company. They were used as received. Pure SDS with
declared purity ≥ 99%, which is designated for ion pair chromatog-
raphy (catalogue number 71726), will be denoted as HP-SDS (high
purity). Technical-grade SDS, with declared purity ≥ 98.5% (cat-
alogue number L4509), will be denoted as LP-SDS (low purity).
Pure DTAB, which is marked as suitable for ion pair chromatog-
raphy (catalogue number 44239, purity ≥ 98.5%) will be denoted
as HP-DTAB (high purity). Technical-grade DTAB, with declared
purity ≥ 98% (catalogue number D8638), will be denoted as LP-
DTAB (low purity). Aqueous solutions of these surfactants with
desired concentrations (see Table 1) were prepared by dilution
with pure water (distilled, de-ionised and de-mineralised using the
WATREX ULTRAPURE system) at room temperature.

2.2. Material

A silanized glass was  used as a model hydrophobic surface. The
silanization method is based on the covalent attachment of func-
tional organosilanes to silica or glass. Silanes are believed to react
with the exposed hydroxyl groups of silanols on the glass surface
and, under optimal conditions, they form a uniform monolayer.
In our project the common type of silanized glass was used: the
Silanization solution I was supplied by Sigma-Aldrich (5% solu-
tion of dimethyldichlorosilane in heptane, CAS No. 75-78-5). The
glass material (microscopic slides) was  cleaned in a boiling mix-
ture of sulphuric acid and hydrogen peroxide (1:1) for 1 min, then
rinsed several times with distilled water and dried. The slides were
dipped into the silanization solution for 24 h then rinsed firstly with
pure heptane, then with acetone and ethanol in order to remove
all organic residues, and finally they were dried [23]. The silanized
slides were stored in a desiccator to avoid contact with air humidity.
The measurement was conducted within 1 week after preparation.
Contact angles for pure water ranged from 103.1 to 104.3◦.
2.3. Surface tension measurements

The static surface tension was measured at 25 ◦C by the sta-
lagmometric method, using a laboratory-made apparatus [24].
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Table  1
Characteristics of surfactants and their aqueous solutions used in the present study. Chemical formula, critical micelle concentration and used solution concentration.

surfactant chemical formula CMC
literature (mmol/l)

CMC
experiment
(mmol/l)

concentrations (mmol/l)
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15.6
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sodium dodecyl sulphate (SDS) C12H25SO4·Na 

dodecyltrimethylammonium bromide (DTAB) C15H34BrN 

ynamic surface tensions were measured at 25 ◦C by the maximum
ubble pressure method, using the BP100 tenziometer from Krűss.

.4. Drop contact angles (�d)

A Cohu monochrome CCD camera with a 752 × 548 pixel reso-
ution was used to capture the drop images with a frame velocity
f 15 fps. At least nine drops (V = 15 �l, dd≈ 5 mm)  on three slides
ere taken for each surfactant solution. NIS-Elements software was

sed for the image processing where the drop profile together with
rop height, length and contact angles were measured. The liq-
id drop was formed by pumping the liquid using a motor-driven
yringe placed in an adjustable holder. The measured contact angles
herefore correspond to advancing angles. Measurement with pure
ater was done before each set of measurements in order to ensure

he stable wettability of the solid surface. The accuracy of the con-
act angle measurement was ± 1◦.

.5. Bubble adhesion

The experimental measurements were performed in a special
lass flotation cell (50 cm height, 8 cm width and 6 cm depth) using
he freely rising method. Single bubbles were created by a bubble
enerator at the top of a thin capillary (inner diameter 10 �m,  outer
iameter 375 �m)  and after detachment from the capillary the bub-
le rose through the liquid to the solid particle represented by
ilanized glass placed on a horizontal plane. The process of bubble-
article interaction, i.e. the bubble motion before the collision with
he solid particle and during the adhesion, was recorded using a
igh-speed digital camera Redlake Motion Scope M2  (2 000 fps,
esolution of 1280 × 256 pixels) or Photron FastCam SA1.1. (5600
nd 16000fps, resolution of 1024 × 1024 pixels) with the macroob-
ective Navitar.

.6. Image analysis

Images were evaluated using the image analysis software NIS-
lements and MatLab software, calculations were performed using
he MatLab software. Between 3 and 5 series (of desired bubble
ize) were generated for each surfactant concentration and each
eries consisted of 10 measurements. The resulting diameters of
he TPC line (dTPC) and bubble contact angles (�b) were calculated as
he average of at least five measurements. In classical terminology,
here contact angles are conventionally measured through liquid,

he bubble contact angle would be described as the receding angle.
ig. 1 shows data obtained within one experimental set. The adhe-
ion of a bubble with diameter 0.733 mm in 9.7 mmol/l solution of
P-DTAB is given here. The bubble approached the solid surface (A)
nd then the bubble remained still for 0.4 s (B). The time when the
upture of thin liquid film occurs was set as a zero time (C). After
his moment a rapid TPC line expansion was observed (D). After
.1 s the expansion slowed (E). The capturing was interrupted after

.5 s (F). At this time the bubble shape was stable and the diame-
er of the TPC line together with contact angles did not change for

ore than 0.1 s. The position of solid surface and bubble contour are
llustrated in the detail G. The accuracy of the measurements was
8.9 5.2, 8.3 and 17.3
 15.8 6.5, 9.7, 13.0 and 16.2

±6 �m (which corresponds to 2 pixels) and ± 2◦ (bubble contact
angle), respectively.

3. Results and discussion

3.1. Static and dynamic surface tension

In Figs. 2 and 3, the surface tensions �LG of aqueous solutions of
SDS and DTAB, respectively, are plotted versus the surfactant molar
concentration. The simple stalagmometric method was used for
the CMC  determination. The low-purity compounds were used for
this purpose in order to determine if the prepared solutions have
concentrations below, around and above CMC. From the data in
Table 1 it is clear that the experimentally determined values of CMC
do not differ significantly from data recommended in the literature
[25,26]. The obtained values are supplemented with experimental
data obtained using the maximum bubble pressure method (bubble
surface age 10 s) both for HP and LP compounds. For comparison,
the graph includes recommended data on surface tension which
were measured by Mysels [4] and Stubenrauch [27].

Figs. 4 and 5 illustrate the dependence of dynamic surface ten-
sion for solutions of HP and LP SDS and DTAB as a function of the
surface age. This quantity represents the time needed to create a
new bubble of desired size. For pure liquids the surface tension does
not depend on the bubble surface age and we obtain the same value
regardless of the method of measurement. For pure water, the sur-
face tension at 25 ◦C is 72.1 mN/m.  In solutions of surfactants, the
surface tension changes over time. A freshly formed interface of a
surfactant solution has a surface tension very close to that of a sol-
vent. Over a period of time, surface tension decays to its equilibrium
value and this period of time can range from milliseconds to days
depending on the surfactant type and concentration. Both SDS  and
DTAB are small molecules and their diffusion from bulk liquid to
the water-air interface is quick. Therefore, even after 10 millisec-
onds we  observed a substantial decrease of surface tension. The
surface tension is similar for HP and LP surfactants for the bubble
surface age up to 1 s. For bubbles older than 1 s we  observed signif-
icant differences between HP and LP surfactants. For pure SDS the
surface tension slowly decreases and reaches the equilibrium value
after 10 s. DTAB also has a similar pattern. Here, an additional small
decrease was detected after 30 s. According to Fainerman [9], for
long periods one should consider the aging of the solution and grad-
ual hydrolysis. But such long bubble ages are not important in most
industrial applications. Low purity surfactants show an important
decrease of surface tension for bubble surface age over 1 s. At this
time the presence of contaminants becomes crucial. For SDS at a
concentration of 8.3 mmol/l, which is close to CMC, the surface ten-
sion lowers to 23 mN/m,  which is 15 mN/m less than for the HP.
For concentrations close to CMC, the resultant surface tension is
lower than the tension for solutions above CMC. This behaviour
is explained by the preferred adsorption of contaminants on the
interphase. Mysels [4] emphasized that thermodynamically mean-
ingful equilibrium tension values can be obtained at intermediate

times; after adsorption of the main surfactant component is almost
complete and before adsorption of the highly surface active con-
taminants become significant. This argument is supported by the
prediction based on a binary diffusion-controlled adsorption model
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Fig. 1. Sequences of photos illustrating a course and outcome of the bubble (db = 0.73 mm)  adhesion onto the solid surface in HP-DTAB solution (9.7 mmol/l).

Fig. 2. Experimental surface tension vs. concentration for SDS solutions.
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Fig. 3. Experimental surface tensi

28], which considers a system containing 1% of an impurity that
s 100 times more surface active than the main component. The
urface molar concentration of dodecanol is multiple times higher
han in the bulk. According to Ward[1], the amount of dodecanol in
he monolayer reaches a maximum below the CMC. Kralchevsky [5]
tates that even a trace amount of dodecanol in bulk (0.053 mol%)
ould increase its surface molar fraction up to 42%. The preferential
dsorption of dodecanol also explains the differences of measured

urface tension in Figs. 2 and 3.

Above the CMC, the micelles that are present in the solution have
 certain lifetime for break-up. If the micelles are stable entities
ith long lifetimes, the molecules in the micelles may  not be avail-
concentration for DTAB solutions.

able for adsorption. Consequently, the concentration of molecules
diffusing to the interface will be equal to the CMC, regardless of
the bulk concentration of the surfactant. When contaminants are
present in the solution, the CMC  is lower. The increase in surface
tension of the unpurified surfactant above CMC  could be caused by
the solubilisation of dodecanol in SDS micelles and the consequent
desorption of dodecanol from the bubble surface.

To conclude this part, the significant effect of contaminants on

surface tension was confirmed. This effect is dominant for concen-
trations bellow CMC.
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Fig. 4. Dynamic surface tension plotted as function of bubble surface age. High purity (HP) and low-purity (LP) SDS solutions at different concentrations.

Fig. 5. Dynamic surface tension plotted as function of bubble surface age. High purity (HP) and low-purity (LP) DTAB solutions at different concentrations.

Fig. 6. Contact angles of surfactant solutions droplets on silanized glass. High purity (HP) and low-purity (LP) SDS solutions at different concentrations.
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Fig. 7. Contact angles of surfactant solutions droplets on silanized glass. H

.2. Dynamic liquid drop spreading

The dependence of the advancing contact angle (sessile drop
n silanized glass) for solutions of LP-DTAB and LP-SDS as a func-
ion of time is illustrated in Figs. 6 and 7. The contact angle for pure
ater remains stable whereas for surfactant solutions we observed

 typical spreading behaviour. The authors believe that the mea-
ured values are not strongly influenced by the evaporation effect
nd thus no correction was  done. The complete spreading was not
bserved for any studied solutions, although for SDS we observed
ery low contact angles (28◦ for concentration 8.3 mmol/l). The
argest decline occurred in the first 50 s. Both for DTAB and SDS,
he solutions with concentration around CMC  show the lowest
ontact angles and therefore the highest wettability. This result
oheres with the lowest surface tension and also with the presumed
dhesion of surfactant molecules onto the solid-liquid interface [6].
o-adsorption of dodecanol and SDS on a hydrophobic surface was
tudied in detail by Ward [1]. According to this study, the monolayer
t the solid-water interface is denser and much richer in dode-
anol than the corresponding monolayer at the surface of the water.
lthough the drop and bubble contact angles differ significantly,

he study of drop spreading could indicate if some contaminants
re present in the solution. In that case we do not observe the lin-
ar relationship between the drop contact angle and the surfactant
oncentration.

.3. Captive bubble

In pure water for a bubble diameter smaller than 1 mm,  the
quilibrium bubble contact angle is independent of bubble size
ecause the buoyancy could be neglected [23]. With increasing
ubble size the bubble shape changes from spherical to buoyancy-
eformed but the contact angle remains the same. In the case of
urfactant solutions we should consider the influence of preferen-
ial adsorption of surfactant molecules on both phase interfaces. For
ll solutions, bubbles with diameters ranging from 0.6 to 0.9 mm
ere studied and the independence of the contact angle on bubble

ize was proven. Small differences, which amounted to a maximum
f 2◦, were probably caused by the measurement inaccuracy. In all

xperiments, the dynamic bubble contact angle increases from the
ero value to the equilibrium contact angle �eq and the form of its
ime dependence is similar to that of the diameter of the TPC line.
he final equilibrium contact angles are listed in Figs. 8 and 9.
urity (HP) and low-purity (LP) DTAB solutions at different concentrations.

When the equilibrium drop and bubble contact angles for identi-
cal solutions (Figs. 6–9) are compared we  notice certain deviations.
They can be explained by two  reasons. Firstly we  should con-
sider the contact angle hysteresis because the advancing contact
angles were measured for drops whilst receding contact angles
were obtained for bubbles. According to Drelich [29], the increasing
roughness and heterogeneity of the solid surface causes differences
between the measured receding contact angles when determined
with different methods, sessile-drop or captive-bubble. Similar
discrepancies between the two  experimental techniques, but to
a lesser extent, are observed for advancing contact angles. The
capillary length characterizes the mutual relation between the
gravitational (or buoyancy) acceleration and the surface force due
to the liquid surface tension. For water and our solutions at standard
temperature and pressure, capillary length is approximately 2 mm.
A capillary surface whose largest dimension is much smaller than
the capillary length will take the shape of a spherical cap, which
is the solution of the Young–Laplace equation when buoyancy is
completely neglected. Thus for bubbles with diameters from 0.5 to
0.9 mm,  the influence of surface forces is dominant over the influ-
ence of buoyancy. In cases where drops have a diameter of around
3–4 mm,  the influence of gravity is much more significant and drops
are less spherical. Therefore, a certain error could occur during the
image data processing. The second reason is the different range of
surfactant adhesion onto the liquid-solid and liquid-gas interfaces
which is discussed below.

3.4. Three-phase contact line expansion

The bubble attachment determines the effectiveness of the
bubble-particle interaction process. In our model situation, where a
bubble attaches to the horizontal solid surface, the bubble adhesion
efficiency could be expressed by the equilibrium contact angle. The
efficiency is zero for the zero contact angle and increases to 1 with
increasing contact angle. For a stable bubble position, fast adhesion
velocity and high contact angles are needed. Here, the close rela-
tionship between the time course of the TPC line diameter and the
dynamic contact angle is considered [16]. In order to highlight the
influence of surfactant adsorption we  evaluate the ratio dTPC/db.

For systems where the bubble size does not influence the contact
angle, the ratio remains constant. The theoretical ratio calculated
for an absolutely spherical bubble and contact angle 90◦ is 1.26. The
experimental value 1.32, achieved for pure water, matches with this
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Fig. 8. The ratio dTPC/db for bubble adhesion in SDS solutions.

Fig. 9. The ratio dTPC/db for bubble adhesion in DTAB solutions.
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Fig. 10. The velocity of three-p

heoretical assumption and reflects the facts that the real bubble is
xisymmetric and the contact angle is higher.

Experimental results are illustrated in Figs. 8 and 9, where detail
 gives data for HP products and detail B gives data for LP products.
he time when the rupture of a thin liquid film occurs was  set as

he zero time. After this moment a rapid TPC line expansion was
bserved. The non-zero diameters of TPC line and contact angles
uring the period before the liquid film rupture have no physical
ontact line in DTAB solutions.

meaning and these values result from the image analysis where the
software is unable to differentiate the thin liquid film between the
bubble and solid surface.

The process of bubble adhesion in pure water is the fastest.
The stable bubble position (expressed as 95% of equilibrium dTPC)

is achieved in 5 milliseconds. Due to the high surface tension
of water both the contact angle and the ratio dTPC/dbreach the
highest values (94◦, 1.32 resp.). The bubble adhesion in solu-
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ions of HP-DTAB and HP-SDS is also fast. Here, the stable
ubble position was achieved within 20 milliseconds. The ratio
TPC/dbdecreases with increasing surfactant concentration and
herefore also with decreasing contact angle �eq. For the equi-
ibrium data, we found the linear dependence between these
wo quantities (dTPC /db = 0.5518·cos(�b) + 1.0971, R2 = 0.9906). This
quation is valid only for our tested solid surface and primarily
hows the data consistence and mutual link between the diame-
er of the TPC line, the bubble contact angle and the liquid surface
ension. The equilibrium dTPC is influenced by many factors, but

ost importantly by tensions �SL and �LG . These tensions are deter-
ined by the surfactant concentration in the interfacial layers.
e suppose that the ratio between the equilibrium concentra-

ions of surfactant in bulk and on the interfaces remain stable.
or pure, mono-component ionic surfactants we  can find a linear
ependence between the bubble adhesion efficiency and surfac-
ant concentration, which could be expressed by surface tension or
ubble contact angle.

The bubble adhesion is significantly influenced by the presence
f contaminants. The period between the bubble creation on the
apillary and the final collision takes a few seconds. This period
s long enough to allow contaminants to approach the gas-liquid
nterface and influence the surface tension. In the case of con-
aminated SDS, the decrease of surface tension due to the SDS
resence is fast and the equilibrium is reached within 1 s. An addi-
ional decrease of surface tension is caused by contaminants; the
nfluence of dodecanol in our mixtures is visible after a few sec-
nds (see Figs. 4 and 5, [4]). Such adsorption kinetics could be
escribed using the diffusion-controlled adsorption model [28].
he results obtained for LP-DTAB solutions are illustrated in Fig. 8B
nd some of them are unexpected. The behaviour of solutions with
ow concentration (6.5 mmol/l and 9.7 mmol/l) is not too differ-
nt from HP-DTAB. We  observed an unequivocal decrease both of
atio dTPC/db and contact angle �eq, but the bubble adhesion effi-
iency is still high enough for industrial needs [30]. Quite different
esults were observed for solutions with the DTAB concentration
3.0 mmol/l; here dTPC/db = 0.71 and �eq = 50◦. The capture of bub-
les is unstable and also the TPC line expansion is much slower.
n the contrary, in the solution with the highest DTAB concen-

ration (16.2 mmol/l, which is above CMC) we found faster TPC
ine expansion and also more stable bubble capture. Similar results

ere obtained for LP-SDS (see Fig. 9B). The process of bubble adhe-
ion was relatively fast and the bubble capture was stable in the
olution with a low SDS concentration (5.2 mmol/l). In the solu-
ion with a concentration close to CMC  (8.3 mmol/l) we  did not
ven observe any bubble adhesion. For a few minutes the bubble
emained beneath the surface without any motion and we  did not
otice either the rupture of the liquid film or the creation of the
PC line. On the other hand, we observed a slow bubble adhesion

n the solution with SDS concentration 17.3 mmol/l. Here, the equi-
ibrium was achieved after 100 ms.  From these results, it is evident
hat the contaminants have the greatest impact in the area around
MC. This finding is consistent with the theoretical expectations.
ccording to Ward[1], the amount of dodecanol in the monolayer
eaches a maximum below the CMC.

When describing the influence of contaminants on the bubble
dhesion onto the hydrophobic surface, we must firstly consider
he surfactant concentrations on s-l, s-g and l-g interfaces and sec-
ndly the concentration gradients near the moving three-phase

nterface. The aim of this work is not the theoretical description of
hese processes at microscale level, but rather the mapping of fields
here contaminants significantly affect the behaviour of bubbles
nd can unexpectedly influence the interaction of bubbles and par-
icles. It can be stated generally that contaminants decrease the
ubble adhesion efficiency when compared with mono-surfactant
olutions. The contact angle is reduced by 5◦ to 15◦ and the TPC
cochem. Eng. Aspects 522 (2017) 485–493

expansion is slower. This leads to the lower bubble stability of cap-
ture due to the minor contact area. In the range 0.8 CMC  to CMC
the influence of contaminants is crucial. The ratio dTPC/db as well
as the equilibrium contact angle are significantly lower than in the
solution with a higher surfactant concentration. Under certain con-
ditions the adhesion of bubbles does not occur. Here it was  observed
for LP-SDS. The liquid film is probably stabilized by the strong elec-
trostatic repulsion of the charged surfactant layers on the liquid-gas
and liquid-solid interfaces [31].

The detection of contaminant influence is commonly tricky. The
simple measurement of surface tension, e.g. the ring method, could
be misleading because the contaminants affect the surface ten-
sion after a longer time period. Therefore, the dynamic methods
(pendant drop, maximum bubble pressure) are more useful. Also,
the comparison of drop contact angles for differently concentrated
solutions (below and above CMC) could give a quick guideline.

3.5. Velocity of the three-phase contact line expansion

The velocity of TPC line expansion was calculated as UTPC,i =(
dTPC,i+1 − dTPC,i

)
/ (�i+1 − �i).  The results for DTAB solutions are

given in Fig. 10 where the velocity is plotted against time. For
the lowest concentration 6.5 mmol/l, there is no difference in
TPC expansion velocity. This means that the contaminants do
not obstruct the motion of DTAB molecules. In the solution with
concentration 9.7 mmol/l, we  can observe a stronger influence of
contaminants, which results in a slight decrease in UTPC . In the solu-
tion with concentration 13 mmol/l, the TPC line motion is very slow.
For the HP solution, the maximum UTPC was  detected 2 milliseconds
later when compared with the lowest concentration and also UTPC
amounted to half of the maximum value. In the case of the LP solu-
tion, the TPC velocity is extremely slow. The contaminants not only
reduce the surface tension but also hinder the movement of DTAB
molecules in the vicinity of the TPC line. These outcomes result from
a few measurements and are indicative only. In the future, we are
planning a more detailed study.

4. Conclusion

In the present work we  have analysed the influence of ionic
surfactants on dynamics of bubble adhesion onto the hydropho-
bic surface. Here, the enormous influence of possible contaminants
was observed. For pure, mono-component ionic surfactants, we
observed a linear dependence between the surfactant concentra-
tion and bubble adhesion efficiency, which could be expressed by
surface tension, bubble contact angle or the TPC line diameter. The
surfactants with lower purity are usually used both in industrial
applications and experiments at the pilot level. The most com-
mon  contaminant is dodecanol. Its concentration in the monolayer
reaches a maximum below the CMC  and in case of bubble lifetimes
longer than few seconds the contaminants are more surface active
than the main component. The contaminants generally decrease
the bubble adhesion efficiency when compared with the mono-
surfactant solution. Their influence is crucial in the range 0.8 CMC  to
CMC. Here, the surface tension is decreased below the value typical
for CMC, the bubble contact angles are likewise lower and the veloc-
ity of TPC line expansion slows significantly. It may even happen
that the capture of bubbles is avoided.
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Abstract: This work is focused on the detailed experimental study of bubble adhesion on a 

hydrophobic solid surface. The frame rate 16000 fps was used in side view arrangement in order to 

capture in detail the three-phase contact line expansion and bubble shape changes. Experiments were 

done in pure water and in solutions of the anionic surfactant sodium dodecyl sulphate in low, 

medium and high concentrations. It was found out that the rupture of a liquid film is not symmetrical 

with respect to the vertical axis of the bubble symmetry. This asymmetry of TPC line formation leads 

to bubble surface oscillations and asymmetry in dynamic contact angles. These dynamic mechanisms 

are diminished with increasing surfactant concentration. The non-linearity of expansion velocity was 

also observed. In the case of high bubble surface mobility, the expansion velocity first decreases and 

after few milliseconds, the second velocity maximum emerges caused by kinetic energy dissipation. In 

surfactant solutions, the arising Marangoni stresses should be taken into account because the 

expansion velocity increases in the first moments of TPC line expansion. Existing models, such as 

hydrodynamic and molecular-kinetic, are not able to incorporate with bubble oscillations in pure 

liquids as well as the non-monotonic curve of expansion velocity profile in surfactant solutions. 

Keywords: bubble-particle interaction, bubble adhesion, three-phase contact line, surfactant 

1. Introduction 

The interaction between bubbles and solid particles is an important mechanism in many industrial 

processes. The bubble-particle interaction is usually divided into three sub-processes (Yoon, 2000): a 

collision of bubble and particle, an adhesion and a possible detachment. When the bubble and the 

particle are sufficiently close together, a liquid interface film is formed between the bubble and the 

particle surface. The rate of the film depletion (often referred to as film drainage rate) is limited by the 

liquid viscosity at the beginning of the process, reaching its critical thickness. At this point, the rate 

starts to be influenced by the intermolecular forces acting between the molecules of the liquid and the 

solid particle. This phase is the most significant for the selection between hydrophobic and 

hydrophilic particles. Whereas in the case of hydrophilic surfaces, the intermolecular forces stabilise 

the liquid interface film so that the bubble never adheres to the solid surface, in the case of 

hydrophobic surfaces, the forces act to destabilise the film and eventually break it to form the three-

phase contact line (Fujasova-Zednikova et al., 2010). The liquid interface film ruptures in the case of 

highly hydrophobic solid surfaces, but the time of depletion depends on the stability of the film 

formed, its drainage kinetics and the critical thickness of its rupture (Zawala et al., 2016). Generally, 

the more hydrophobic the surface is, the less stable the interface film is. Since the hydrophobic 

surfaces show a high affinity to air, the roughness of the solid surface plays an important role as well 

because the surface cavities or scratches can entrap air in the form of micro- or nano-bubbles. Zawala 

et al. (2016) suggested that the presence of air facilitates the film rupture due to the low stability of the 

local liquid films between the micro- or nano-bubbles and the colliding bubble. The three-phase 

http://www.minproc.pwr.wroc.pl/journal/
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contact (TPC) line in pure water is then formed as a result of coalescence between submicroscopic 

bubbles already attached to the hydrophobic surfaces and the colliding bubble.  

After the rupture of the interface film, the liquid phase begins to retreat from the solid surface due 

to an uneven distribution of the liquid-gas interfacial tension. The movement of the three-phase 

contact line is involved in both the wetting and dewetting mechanisms. Dewetting is applied in the 

case of bubble adhesion on a solid particle, while wetting occurs during liquid drop spreading on a 

solid surface. The contact line movement is driven by fluid dynamics and molecular interactions of the 

contacting phases. Surface tension and inertial and viscous forces influence the expansion of the TPC 

line. The resultant of the forces influences the curvature of the liquid-gas interface and therefore 

affects the shape of the bubble. The dynamic contact angle is the measure of the interface deformation 

at the contact point (Phan et al., 2006). The dynamic process of either wetting or dewetting can be 

described by the velocity of the contact line U which is defined as: 

 
dt

dr
U TPC . (1) 

where rTPC is the radius of the three-phase contact line and t is time. As suggested by Phan et al. (2006), 

in the case of small bubbles, the bubble surface is assumed to remain axially symmetric with respect to 

the vertical axis perpendicular to the solid surface, while the centre of the TPC area is stationary 

during the TPC expansion. Several theoretical models have been developed to describe the TPC line 

expansion, relating the velocity dependence on dynamic contact angle to measurable properties such 

as surface and interfacial tension, liquid viscosity and static contact angle. The two main approaches 

are the hydrodynamic and molecular-kinetic models; the first one is rather macroscopic and discounts 

the role of the solid surface whereas the second one accommodates it. An alternative view is the 

combined model, which applies both surface and hydrodynamic factors (Schneemilch et al., 1998).  

Cox (1986) established the basics of the hydrodynamic model for the wetting mechanism. It 

suggests that the process is dominated by the fluid viscous dissipation. Thus, the bulk viscous friction 

is the main resistance force for the TPC line contact motion (Ranabothu et al., 2005). The theory solves 

the equations governing the fluid dissipation, the continuity and Navier-Stokes equations, and relates 

the expansion velocity U to the dynamic contact angle . The main deficiency of this model is the 

description of the fluid motion very near to the contact line. Thus, the slip length of the nanometre 

scale (characteristic length scale of inner region) was introduced to describe the unique hydrodynamic 

mechanisms acting in close proximity of the contact line (Phan et al., 2006). The characteristic length 

scale of a microscopic region is usually of the order of 1 nm. One of the drawbacks of the 

hydrodynamic model is the means of estimating the microscopic contact angle micro since this angle is 

not readily measurable. In practice the microscopic contact angle is usually replaced by the 

equilibrium contact angle, which can be experimentally measured (Phan et al., 2003). The velocity of 

expansion U and the TPC line radius rTPC are given as: 
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where,  is the liquid surface tension,  is the liquid dynamic viscosity and the ratio R/L is the 

adjustable parameter. 0 is the equilibrium contact angle and  is the dynamic contact angle. Use of the 

hydrodynamic theory has been suggested for wetting mechanism at low contact velocities (Ranabothu 

et al., 2005). 

The second theoretical model for wetting and dewetting processes is the molecular-kinetic model. 

Unlike the hydrodynamic model, it eliminates the viscous dissipation but includes the solid surface 

characteristics. The theory is based on a statistical treatment of the transport mechanism of molecules 

and ions. This model assumes the energy dissipation to occur only at the moving contact line, where 

adsorption and desorption processes occur. The movement of the TPC line is ruled by the statistic 

kinetics of molecular events arising at the adsorption sites of the solid surface (Phan et al., 2006). The 

most common approach to the molecular-kinetic model is the one proposed by Blake and Haynes 

(1969), which is commonly applied to dynamic wetting. The dependence of expansion velocity on the 

dynamic contact angle is due to the disturbance of adsorption equilibrium, which is driven by the 
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changes in the local interface tensions (Phan et al., 2003). The equation for the dependence of 

expansion velocity on dynamic contact angle is given by (Phan et al., 2003 and 2006): 
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The frequency  and distance of molecular displacement  are usually not known, and therefore they 

have been treated as adjustable parameters. The dimension of  can be estimated as the order of 

molecular dimensions (1 nm). The expected value for  is from 10-6 to 10-7 s-1 (Phan et al., 2006). 

Since it was shown that the two mentioned models for wetting and dewetting mechanisms do not 

fit the entire velocity range of experimental data, a combined molecular-hydrodynamic approach has 

been proposed (Phan et al., 2003 and 2006, Ranabothu et al., 2005). The dewetting hydrodynamics is 

used to describe the effect of fluid flow on the interface deformation far from the three-phase contact 

line. The microscopic contact angle micro in the hydrodynamic model is assumed to be dependent on 

the expansion velocity. Molecular kinetics is then used to determine this contact angle and describe 

the dewetting close to the contact line. The combined model has been reported as more successful to 

describe the experimental data than the two previously discussed models for both wetting and 

dewetting mechanisms by various authors (Schneemilch et al., 1998; Ranabothu et al., 2005; Phan et 

al., 2006). Recently, Fetzer and Ralston (2009) studied bubble adhesion and investigated the dewetting 

mechanism of water on surfaces of a wide range of wettability; here the combined model was used to 

analyse the data. The dewetting mechanism was observed from above assuming the spherical bubble 

shape and the circular TPC line with the centre remaining in a stable position. The authors reported 

that on all studied surfaces the contact radius rTPC initially increased quickly and then continuously 

slowed down until rTPC reached an equilibrium value. Based on asymmetric results for  found for 

advancing and receding contact angles, it was concluded that the molecular displacements are not 

caused by adsorption or desorption events but rather by the nanometre-scale surface heterogeneity 

(chemical or topographical), which influences the contact line motion in a low-velocity regime. 

It is clear from the above overview that all models describing TPC line extension are based on 

similar principles: i) the liquid film break occurs on the bubble symmetry axis; ii) the position of the 

bubble’s centre of gravity position is also on the vertical axis of symmetry and iii) the radius of TPC 

line gradually increases as the velocity of TPC line expansion decreases. These assumptions have not 

yet been experimentally verified. This project is thus focused on the detailed experimental study of 

bubble adhesion on a hydrophobic solid surface. We use the high-speed camera in side position in 

high resolution and capture frequency 16,000 fps in order to precisely capture the bubble motion and 

shape oscillation during the adhesion. The solutions used are demineralized water and solutions of 

surface active compounds. 

2. Material and methods 

Experiments were performed at 25 °C in pure water and in an aqueous solution of the anionic 

surfactant sodium dodecyl sulphate (SDS). The concentrations were 510-5 M (denoted as SDS low), 

3.710-3 M (SDS medium) and 210-2 M (SDS high). SDS was purchased from Sigma-Aldrich Chemical 

Company (for ion pair chromatography, details in Basarova et al., 2017) and used as received. The 

experimental measurements were performed in a special glass flotation cell (50 cm height, 8 cm width 

and 6 cm depth). Single bubbles were created by a bubble generator at the top of a thin capillary (inner 

diameter 10 µm, outer diameter 375 µm; details in Hubicka et al., 2013) and after detaching from the 

capillary the bubble rose through the liquid to the solid particle represented by a silanized glass 

placed on a horizontal plane. The distance between the capillary tip and the glass surface was 20 cm 

and the bubbles reached the terminal rising velocity. The mechanism of bubble-particle interaction, i.e. 

the bubble motion before the collision with the solid particle and during the adhesion, was recorded 

using a high-speed digital camera Photron FastCam SA1.1 (16000 fps, resolution of 768512 pixels) 

with a Navitar macro objective. Silanized glass was used as a model hydrophobic surface. The 

Silanization solution I was supplied by Sigma-Aldrich (5% solution of dimethyldichlorosilane in 

heptane, CAS No. 75-78-5). The glass material (microscopic slides) was cleaned in a boiling mixture of 

sulphuric acid and hydrogen peroxide (1:1) for 1 min, then rinsed several times with distilled water 
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and dried. The slides were dipped into the silanization solution for 24 h then rinsed firstly with pure 

heptane, then with acetone and ethanol in order to remove all organic residues, and finally, they were 

dried. The contact angle for pure water drops was 98.2°. 

At least five video sequences were captured for every size of the bubble. The image analysis was 

done using the NIS-Elements Advanced Research software. The video series were converted to the 

nd2 format and saved with the relevant calibration (approx. 2.8 m per pixel). All the sequences were 

qualitatively observed with regard to possible bouncing, bubble shape deformation and the symmetry 

of three-phase contact line expansion. The bubble diameter Db, the time of liquid interface film 

depletion tdep and the final equilibrium contact angle 0 were measured for every sequence. The 

development of the diameter of TPC line dTPC over time was evaluated for each sequence as well. The 

dynamic contact angle  and the position of bubble gravity centre changing with time were evaluated 

only for one selected sequence for each experimental solution since these analyses were time 

demanding due to the length of the processed sequences (5000 frames). The software functions 

centreX and centreY were used for the determination of bubble centre. The velocity of TPC expansion 

was calculated as: 
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The dynamic surface tension of all solutions at 25 °C was measured using the Krűss tensiometer 

BP100 employing the maximum bubble pressure method. It characterises the adsorption of surface-

active molecules on a liquid-gas interface. The maximum bubble pressure measurement method gives 

the dependence of surface tension on surface age. The surface tension of water at 25 °C is 72.4 mN·m-1 

and does not depend on the bubble age (see Fig. 1). In solutions of surfactants, the surface tension 

changes over time. A freshly formed liquid-gas interface has a surface tension very close to that of a 

solvent. Over a period of time, surface-active molecules adsorb onto the interface. The surface tension 

decays to its equilibrium value and this period of time can range from milliseconds to days depending 

on the surfactant type and concentration. SDS has a simple molecule, it adsorbs fast from the 

subsurface to the interface and the diffusion-controlled adsorption model could be used for its 

description (Basarova et al., 2017). The decrease of surface tension is evident already after 10 ms of 

surface age as seen in Fig. 1, except for a lowest concentration of SDS, where the decrease is 

observable at a surface age of 80 ms. The measurement was limited to a surface age of 100 s and both 

solutions with low SDS concentrations and high SDS concentrations reached their equilibrium surface 

tension whereas, in the case of medium SDS concentration, the surface tension is further expected to 

slightly decrease. The surface tension of all studied solutions is sufficiently different and thus the 

influence of surface active agents on bubble adhesion dynamics could be discussed for low, medium 

and high surfactant concentration. 

 

Fig. 1. Dynamic surface tension measured by maximum bubble pressure method. Concentrations of SDS solutions 

are 510-5 M (SDS low), 3.710-3 M (SDS medium) and 210-2 M (SDS high) 
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3. Results and discussion 

The bubble adhesion was captured by a high-speed camera at 16,000 fps and about 5,000 frames were 

saved for each image sequence. That captures around 300 milliseconds of the process within which the 

bubble collided with the solid surface, the interface film formed, depleted and ruptured and the three-

phase contact line expanded to equilibrium. Each of these steps had a distinct behaviour for different 

surfactant concentrations. The characteristics of bubble adhesion onto hydrophobic silanized glass in 

water and each SDS solution are thus discussed separately. 

3.1 Pure water 

Figure 2 shows the different steps of bubble interaction (Db = 0.705 mm) with a particle of infinite 

radius and a hydrophobic surface. The bubble rises in the solution towards the solid particle (WC1) 

and it collides with the particle (WC2). After the collision, the bubble is deformed; higher speed leads 

to a bounce (WC3), in some cases, even to multiple bounces. Subsequently, the bubble returns to its 

own original shape and a liquid film is created between the bubble and the particle (WC4) (the film 

itself is usually not visible on the captured images because of the pixel resolution, wavy character of 

light and aperture angle). The film gradually depletes and ruptures. Image W0 illustrates the situation 

just before the film rupture. Note that this time (t = 0 ms) is set as the time of the rupture of the liquid 

interface film, therefore the images capturing the bubble-particle collision and liquid interface film 

depletion are indicated with negative times. The formation of the three-phase contact (TPC) line is 

visible after 0.0625 seconds (W1). The TPC line expansion continues (W2) together with significant 

bubble shape deformation, where the bubble is first prolonged (W3, W4) and then compressed (W5 - 

W7) in the vertical direction. While the diameter of the three-phase contact line does not change 

significantly anymore, the bubble shape deformation is still observable (W8 - W10). The bubble shape 

deformation during expansion could be described as a form of bouncing while keeping the three-

phase contact. We assume that this is caused by residual kinetic energy dissipation and full bubble 

surface mobility which allows the interfacial oscillations and waves on bubble surface. Image W11 

presents the bubble at equilibrium, where both the diameter of the TPC line and the bubble shape do 

not change anymore.  

 

Fig. 2. A series of photos illustrating a course and outcome of the bubble (Db = 0.705 mm) adhesion onto the solid 

surface in pure water 

The bubble movement described above can be quantified as the position of the bubble gravity 

centre changing with time. Figure 3A shows the relative change of the bubble gravity centre position 

(centre Y) in the vertical direction over time. Note that the Y coordinate increases opposite to the 

bubble movement as shown in Fig. 2 and in this graph, this value is normalised by the position at t = 0 

milliseconds. Both the above discussed bouncing after the bubble-particle collision and the bubble 

shape deformation during the TPC line expansion can be represented by the sinusoidal parts of the 

graph. The bubble gravity centre motion during the first moments of the TPC line expansion is shown 

in more detail in Fig. 3B. 
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Fig. 3. The bubble gravity centre’s motion in the vertical direction. The highlighted points correspond  

to images in Fig. 2 

The diameter of the three-phase contact line dTPC was measured for every image of the video 

sequence and the expansion velocity U was calculated in each time step according to eq. 4. The time 

dependence of both quantities for the individual bubble to before is shown in Fig. 4A. The non-zero 

value of dTPC at t = 0 ms does not have a physical meaning as the three-phase contact is not formed yet. 

The TPC line in water expands very quickly; the velocity reaches its maximum (almost 0.5 m·s-1) in the 

first captured moment (the visible change between images W1/W2). The TPC line continues to grow 

but with a decreasing velocity. At around 1.3 ms the expansion velocity increases again and its peak is 

observable with its maximum at 1.375 ms (the change between images W6/W7). We assume that this 

acceleration is caused by the bubble shape deformation. As the bubble is being compressed (W6 and 

W7 in Fig. 2), the bubble mass is forced to shift to the horizontal direction, therefore the three-phase 

contact line expands faster. As the TPC line diameter reaches a stable value, the expansion velocity 

becomes zero (W8). Even though the bubble shape continues to change after this point, it does not 

affect the size of TPC line significantly anymore. Figure 4B shows the expansion velocity for different 

bubble sizes in water. The points represent the average value measured from 5-6 sequences. Although 

it seems that the bubble size does not actually influence the extent of the velocity, as both peaks are of 

the same height for different bubble diameters, it significantly influences the timing. The smaller the 

bubble, the earlier the velocity peak appears and the earlier the equilibrium diameter (zero velocity) is 

reached. Individual bubble behaviour was observed and mathematically described by Zawala et al. 

(2016). To conclude, typical features of bubble adhesion in pure water are i) visible bouncing after the 

collision, ii) fast TPC line expansion (finished in 2 ms), iii) bubble shape deformation during the 

adhesion and iv) additional maximum on velocity profile. 

 

Fig. 4. TPC expansion velocity and diameter of the TPC line expansion in pure water for a bubble with diameter 

0.705 mm (detail A) and average values for bubbles with diameters 0.70 mm, 0.74 mm and 0.85 mm (detail B) 



Physicochem. Probl. Miner. Process., 54(1), 2018, 111-123 117 

The time-dependence pattern of dynamic contact angles matches the course of dTPC (Fig. 4A). Firstly 

we observed a fast increase of contact angle values and then, after 1 ms, we observed the oscillations 

between left and right angles reaching up to 6°. Only insignificant increase was observed after 3 ms 

which goes together with negligible TPC expansion velocity. The average equilibrium contact angle 

was 98° and this value did not change with changing bubble size. 

3.2 Solutions with low surfactant concentration 

Figure 5 illustrates the bubble adhesion process (Db = 0.865 mm) in a solution of a very low 

concentration of SDS (510-5 M). It shows representative images of bubble adhesion at indicated times 

before (SLC1-SL0) and after (SL1-SL10) the liquid interface film rupture. The bubble gravity centre 

movement in the vertical direction is shown in Fig. 6A. The bubble rises in the surfactant solution 

(SLC1), it collides with the solid surface, the bubble shape being deformed (SLC2), and it slightly 

rebounds (SLC3) before colliding with the solid surface again (SLC4). This phase does not differ 

significantly from the collision behaviour in pure water; therefore, we can assume that the leading 

pole of the bubble is completely free of surfactant molecules, which seems to be a reasonable 

assumption considering the very low surfactant concentration. The three phase contact line forming 

from the right side can be observed (with a close look) in image SL1. Afterwards, the TPC line 

continues to expand only on the right side (SL2). The left side of the TPC line starts to move after 

another 0.5 milliseconds. A slight bubble shape deformation is visible (SL4, SL5) and an oscillation of 

the bubble gravity centre is observed (Fig. 6B). When compared with the results for pure water (see 

Fig. 3), we can observe a substantial suppression and time extension of the bubble oscillations in the 

vertical direction. This behaviour is typical for solutions with low surfactant concentration.  

 

Fig. 5. Sequence of photos illustrating a course and outcome of the bubble (Db = 0.865 mm) adhesion onto the 

solid surface in aqueous solution of SDS (low concentration 510-5 M) 

 

Fig. 6. The bubble gravity centre motion in the vertical direction in an aqueous solution of SDS (low concentration 

510-5 M). The highlighted points correspond to the images in Fig. 5 
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The fact that the TPC line expansion does not start at the centre of the bubble contact and that the 

expansion is not symmetric was observed in many image sequences of all the studied solutions, 

including pure water. In fact, the TPC line expansion started from the centre only in less than 20% of 

cases. We assume that the positioning of the liquid interface film rupture is related to the 

inhomogeneity given by the presence of microscopic bubbles and solid surface roughness (Krasowska 

and Malysa, 2007). During these oscillations, dynamic contact angles measured on right and left side 

of the bubble vary by 6°. 

The time dependence of both the diameter of three-phase contact line and the expansion velocity U 

for the individual bubble is shown in Fig.7A. The TPC line expansion accelerates (SL2) after 0.5 ms. 

The velocity then reaches its maximum after 1 ms of expansion (SL4). After 2 ms a second peak can be 

noticed (SL5), but this is in no case as significant as in water. This is in agreement with the previously 

made conclusion that the second peak is caused by a bubble shape deformation. The expansion comes 

to a slow phase around 3.5 ms (SL7). After this point the TPC line diameter increases very slowly and 

taking into account the pixel resolution and calibration, the measurable change in dTPC is not observed 

at each time step and therefore the expansion velocity U appears to fluctuate even though the actual 

velocity is gradually decreasing to zero. Image SL10 shows the bubble after reaching the three-phase 

contact equilibrium. Figure 7B shows the expansion velocity for two bubble sizes. Similarly to the 

results in pure water, one can observe an influence of bubble size. The position of the second peak of 

velocity maximum was observed earlier for the smaller bubble. Moreover, we observed the different 

initial expansion velocity, which was probably influenced by the different surfactant coverage of the 

bubble surface due to the different bubble size. When compared with pure water, the velocity of the 

TPC line expansion has dropped to roughly half and thus the adhesion time has increased. The 

average equilibrium contact angle was 94° and this value did not depend on bubble size. The typical 

features of bubble adhesion are: i) a moderate bubble shape deformation during the adhesion and ii) 

two maxima in the velocity profile.  

 

Fig. 7. TPC expansion velocity and diameter of TPC line expansion for a bubble with diameter 0.865 mm (detail 

A) and average values for bubbles with diameters 0.77 mm and 0.88 mm (detail B). Low SDS concentration 

3.3 Solutions with medium surfactant concentration 

Figure 8 shows the different steps of bubble adhesion (Db = 0.926 mm) onto the hydrophobic surface 

in the aqueous solution of SDS with the concentration 3.710-3 M. This surfactant concentration is still 

below its critical micelle concentration. The figure shows representative images of the bubble adhesion 

at indicated times before (SMC1-SM0) and after (SM1-SM6) the liquid interface film rupture.  

The bubble gravity centre movement in the Y direction (centre Y normalised by the centre Y at  

t = 0) is shown in Figure 9. The bubble rises towards the solid particle (SMC1) and collides, the bubble 

shape being deformed (SMC2). The bouncing is limited; the bubble moves back from the surface only 

slightly (SMC3) as seen on the bubble gravity centre movement. This motion is influenced by the 

presence of surfactant molecules, which decreases the surface elasticity. The liquid interface film 

ruptures (SM0) and the three-phase contact line starts to expand. The expansion starts on the left side 
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(SM1, SM2) and the right side expands after another 1.5 ms (see Fig. 9B). The bubble shape 

deformation (SM3) is thus caused by the non-symmetry of the expansion. The effect of the non-

symmetrical TPC line expansion on the dynamic contact angles is crucial and the contact angles on the 

left and right side can vary by up to 5 degrees. Later, only small oscillations are observable in the 

vertical movement of the bubble gravity centre (SM4) and the bubble centre reaches its stable position 

after 15 ms (SM5, SM6) as seen in Fig. 9B. The motion in the horizontal direction follows due to the 

inertial force. Please note the different magnitudes of the main and minor vertical axes. Whereas the 

distance between SM2 and SM4 position in the vertical direction is 100 m, the same distance in the 

horizontal direction is only 30 m. A similar horizontal motion of bubble centre was observed for 

majority of bubbles. The displacement of bubble centre in water did not exceed 20 m, while in SDS 

solutions the average horizontal distance ranged from 30 to 40 m. 

 

Fig. 8. Sequence of photos illustrating a course and outcome of the bubble (Db = 0.926 mm) adhesion onto the 

solid surface in aqueous solution of SDS (medium concentration 3.710-3 M) 

 

Fig. 9. The bubble gravity centre motion in the vertical direction in aqueous solution of SDS (medium 

concentration 3.710-3 M). Detail B: the relative vertical and horizontal bubble gravity centres motion after the 

TPC line formation. The highlighted points correspond to the images in Fig. 8 

The progress of the TPC line diameter and the expansion velocity is shown in Figure 10A. The 

diameter expands slowly in the first millisecond, then the expansion velocity increases and the TPC 

line expands at a maximum velocity around 2 ms after the liquid film rupture (SM2, SM3). 

Afterwards, the expansion velocity decreases and it comes to a slow phase around 5 ms (SM4). The 

second increase of the expansion velocity is visible only for the biggest bubble at 4 ms. Data for three 

bubble sizes are summarised in detail B. The course of velocity is similar for all studied bubbles. The 

velocity decreases significantly up to 0.1 m·s-1 maximum and the adhesion time is prolonged to 10 ms. 

The dynamic contact angles increase gradually following the pattern of dTPC. The average equilibrium 

contact angle was 82o. By analysing all the image sequences captured for medium SDS concentration it 



 Physicochem. Probl. Miner. Process., 54(1), 2018, 111-123 120 

can be concluded that the typical features of bubble adhesion to hydrophobic surface in SDS 

concentration below CMC are: i) a hindered bouncing after the collision due to presence of surfactant 

molecules, ii) an asymmetric rupture of the liquid interface film (the TPC line expands at one side), 

and iii) an expansion velocity increase within the first moments of the TPC line expansion and its 

maximum at 1.5 ms. 

 

Fig. 10. Bubble velocity and diameter of the TPC line expansion for a bubble with diameter 0.926 mm (detail A) 

and average values for bubbles with diameters 0.79 mm, 0.83 mm and 0.92 mm (detail B).  

Medium SDS concentration 

3.4 Solutions with medium surfactant concentration 

Figure 11 illustrates the bubble adhesion process (Db = 0.864 mm) in a solution with high 

concentration of SDS (210-2 M), which is above the critical micelle concentration. It shows 

representative images of the bubble adhesion at indicated times before (SHC1-SH0) and after (SH1-

SH5) the liquid interface film rupture.  

 

Fig. 11. Sequence of photos illustrating a course and outcome of the bubble (Db = 0.864 mm) adhesion onto the 

solid surface in aqueous solution of SDS (high concentration 210-2 M). 

The bubble gravity centre movement in the Y direction (centre Y normalised by the centre Y at t = 

0) is shown in Fig. 12. The bubble rising and its collision with the solid surface was not captured 

because the time lapse between the collision and the actual formation of the TPC line was longer than 

is possible to capture; it varied between 5 and 30 seconds. No bubble bouncing was observed (SHC1, 

SHC2). The extended time of the liquid interface film depletion is caused by the high concentration of 

surfactant molecules, which stabilises the interface film (Malysa et al., 2005). The variation in the 

depletion time could be caused by a different distribution of microscopic bubbles, which corresponds 

to the distribution of surface imperfections. The image SH0 shows the bubble right before the rupture 

of the interface film. The TPC line then starts to expand from the left side (SH1), the right side slowly 

joining only after 2 ms. The bubble regains symmetry after 5 ms (SH3) and slowly continues to 

expand. The expansion is still not finished after 15 ms (SH4) and the equilibrium TPC line diameter is 

reached only after 40 ms (SH5). No bubble shape deformation is detected and the bubble centre moves 

steadily towards the solid surface. The high concentration of surface active molecules in the solution is 

assumed to result in the bubble being completely covered by surfactant molecules. The adsorption 

and desorption exchange of the surfactant molecules between the bubble and the solid surface then 
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control the rate of the TPC line expansion. The time-dependence of the expansion velocity U is shown 

in Fig. 12. The expansion of the TPC line is similar to that of Fig 10A and it is even more gradual. Since 

the expansion is very slow and the TPC line diameter changes only within a few m between the two 

images, the expansion velocity was calculated over a longer time step 0.5 ms to better capture the 

actual progress of the expansion velocity. The expansion velocity increases during the first 3 ms of the 

expansion when it reaches its maximum (SH2). Afterwards, the expansion starts to slow down at 6 ms 

and slow phase is reached after approximately 20 ms of expansion.  

 

Fig.12. TPC expansion velocity and the relative bubble gravity centre motion in the vertical direction for a bubble 

with diameter 0.864 mm (detail A) and average values for bubbles with diameters 0.71 mm, 0.74 mm and 0.87 mm 

(detail B). High SDS concentration 

Data for three bubble sizes are summarised in detail B. The course of velocity is similar for all 

studied bubbles. The maximum value 0.02 m·s-1 was reached after 5 ms and the whole adhesion time 

prolonged to more than 20 ms. The average equilibrium contact angle was 69° and its value did not 

depend on bubble size. The typical features of bubble adhesion in a high concentration of surfactant 

are: i) no bouncing after the collision or during the bubble adhesion, ii) liquid film stabilisation and iii) 

a very slow TPC line expansion. 

3.5. Applicability of existing theoretical models 

The hydrodynamic and the molecular-kinetic models are two alternative approaches usually used for 

the description of the bubble TPC line expansion. In both cases, the driving force of this process is the 

difference between the dynamic and the equilibrium contact angles (Eqs. 2 and 3). The suitability of 

these models has been investigated by many researchers and the bubble adhesion process was 

observed either from the side view or from above, but with relatively low image frame rate. The 

limited frame rate did not allow direct calculation of expansion velocity and most of the papers 

studied the dependency of the TPC line radius on the dynamic contact angles. The studies also 

assumed that in the case of small bubbles (Db < 1 mm), the bubble surface remains axially symmetric 

and the radial position of the TPC line is equal to the radius rTPC. Moreover, demineralized water was 

used as a liquid medium in all of the published works. None of these models can deal with a liquid 

containing surfactants.  

This work offers a new opportunity to observe the bubble adhesion process in a very detailed 

experimental study and thus it offers the comparison of the above-mentioned theoretical assumptions 

with the reality. Bubble adhesion in pure water and in solutions of surface-active agents was described 

in detail in the previous chapters. The main experimental observations can be summarised in the 

following points:  

i) The rupture of a liquid film is not symmetrical with respect to the vertical axis of the bubble 

symmetry. This finding is in accordance with the conclusion of Chan et al. (2011), who proved that the 

liquid film becomes the thinnest close to the apparent contact line.  
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ii) The asymmetry of the TPC line formation leads to bubble surface oscillations and asymmetry in 

dynamic contact angles. For mobile surfaces, the uneven motion of the TPC line causes the change of 

boundary conditions. Due to the gradual kinetic energy dissipation, we can observe bubble shape 

oscillations both in the vertical and horizontal direction. Similar linear oscillations and 

irrotational flow during the bubble contact with the solid surface were described by Vejrazka et al. 

(2013). When surface-active agents are captured at the liquid-gas interface, the viscoelasticity of the 

bubble surface decreases significantly and the shape oscillations are dampened.  

iii) The expansion velocity increases in the first moments of the TPC line expansion and in a case of a 

high surface mobility we can observe a second velocity maximum. The increase of expansion velocity 

after the TPC line formation was observed in solutions with surface-active agents. Due to a sufficient 

time interval between the bubble collision with the surface and the creation of the TPC contact, we 

expect the bubble surface to be uniformly covered by surfactant molecules. After the TPC line 

creation, the arising Marangoni stresses should be taken into account. The pure water-air interface is 

mobile and cannot withstand shear stress tangential to the air-water interface. In the presence of 

surfactants, the situation changes because gradients in the surface excess of surfactants can cause an 

effective no-slip boundary condition. At the TPC line, the solid-liquid and the air-liquid interfaces 

merge. In close proximity, where the distance between the solid-liquid and the liquid-vapour interface 

is below 100 nm, the surface force acts between the two interfaces. Merging would be delayed if a 

long-range repulsive surface force acted between the interfaces. Here, the charged head groups of the 

surfactants adsorbed at both interfaces would lead to an electrostatic double-layer repulsion. This 

long-range repulsion would keep the interfaces apart and delay the dewetting on the receding side 

(Fell et al., 2011). Thus the resulting gradient in surface tension would slow down the drainage of the 

liquid film.  

To conclude, the mentioned simple theoretical models in their present form are not applicable to 

describe the three-phase contact line expansion. In the case of pure liquids, they are not able to 

incorporate the asymmetry of the liquid film rupture leading to bubble shape oscillations. In the case 

of bubble adhesion in surfactant solutions, the models do not consider the dynamic surface tension 

and the surfactant concentration gradient near the moving TPC line. 

4. Conclusions 

Bubble adhesion on a hydrophobic surface is significantly influenced by the bubble shape oscillations, 

which are diminished by increasing surfactant concentration. Firstly, the rupture of a liquid film is not 

symmetrical with respect to the vertical axis of the bubble symmetry. This asymmetry of the TPC line 

formation leads to bubble surface oscillations both in vertical and horizontal directions and also 

causes the asymmetry in dynamic contact angles. Furthermore, a non-linearity of the expansion 

velocity profile was observed. In pure water, i.e. in the case of full bubble surface mobility, the 

velocity of the three-phase contact line expansion first decreases. Due to the oscillations and kinetic 

energy dissipation, the second velocity maximum arises after few milliseconds. In surfactant solutions, 

the arising Marangoni stresses should be taken into account because the expansion velocity increases 

in the first moments of the TPC line expansion. Theoretical models, such as the hydrodynamic and the 

molecular-kinetic models are not able to incorporate the bubble oscillations in pure liquids and the 

non-monotonic curve of the expansion velocity profile in surfactant solutions. 
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Abstract: Kinetics of spreading of the three-phase contact hole (dewetting) formed by an air bubble 
colliding with hydrophobic solid surface, after rupture of intervening liquid film, was studied both 
experimentally and numerically. During experiments it was found that evolution of the TPC line 
diameter with time occurs with characteristic S-shaped trend which, in consequence, causing rather 
unexpected maxima at the TPC line spreading velocity curves. It was determined that position of this 
maximum appears after 1-2 ms after TPC hole formation and its position (in respect to time) depends 
on the bubble diameter. In solution of surface-active substance this maximum was much smoother and 
longer. By means of complementary numerical calculations the source of maxima existence and 
differences in their position and shapes were explained. It was concluded that this effect has only 
hydrodynamic origin, caused by different course of bubble shape pulsations during TPC line formation 
and spreading, which depends on degree of liquid/gas interface immobilization (fluidity retardation).  

Keywords: three-phase contact, bubble, attachment, dewetting, simulations 

1. Introduction 

The attachment of bubbles onto a solid surface plays a critical role in many industrial applications. The 
bubble adhesion onto the hydrophobic particle and the stability of the created unit determine the 
effectiveness of the interaction process. The bubble attachment consists of two terms: (1) the thinning of 
liquid film to a critical thickness where rupture of the liquid film begins; and (2) the expansion of the 
three-phase contact line to form a stable wetting perimeter (Nguyen et al., 1997). This perimeter is 
usually known as the three-phase contact line (TPC line). After the formation of the TPC line its 
movement can be observed. Historically, literature mentions two main approaches when dealing with 
the kinetics of the TPC line based either on the hydrodynamic (Huh and Scriven, 1971; Cox, 1986) or 
molecular-kinetic theories (Yarnold and Mason, 1949; Blake and Haynes, 1969). The presence of 
surfactants may significantly affect the kinetics of this process (Kosior et al., 2013; Krasowska et al., 2009; 
Zawala et al., 2015). The TPC line dynamics is influenced by the surfactant adsorption on solid-liquid, 
solid-gas and liquid-gas interphases and also by the Marangoni flow along the bubble surface due to 
the changing surfactant concentration (Radulovic et al., 2013). Surfactants also damp significantly the 
bubble shape oscillations, because they decrease the elasticity of interface (Vobecka et al., 2012). 

In case of pure liquids, the liquid phase (after the rupture of the interface film) begins to retreat from 
the solid surface due to an uneven distribution of the liquid-gas interfacial tension (surface tension 
gradients). The contact line movement is driven by fluid dynamics, but surface tension and inertial and 
viscous forces influence the expansion of the TPC line too. The resultant of the forces influences the 
curvature of the liquid-gas interface and therefore affects the shape of the bubble. At first glance, the 
bubble adhesion (dewetting process) is similar to the drop spreading (wetting). The spreading process 
is dominated by the fluid viscous dissipation and the bulk viscous friction is usually the main resistance 
force for the TPC line contact motion (Ranabothu et al., 2005). Here, the theory solves the equations 
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governing the fluid dissipation, the continuity and Navier-Stokes equations. In the case of bubble 
adhesion, we have to consider also additional forces resulting from quite violent bubble shape 
pulsations. These oscillations were observed experimentally in case of bubbles with mobile surface 
(Basarova and Souskova, 2018). Immobilization of the bubble surface, e.g. by the addition of a 
surfactant, results in the suppression of bubble shape oscillations. 

In this project, kinetics of the TPC line expansion during bubble collision and rupture at hydrophobic 
solid surface was studied by means of numerical simulations, both for completely mobile (slip) and 
fully immobilized (no-slip) liquid/gas interface. The obtained results were compared with experimental 
data obtained in corresponding conditions. The primary focus was put on explanation of origin of rather 
unexpected characteristic peaks observed for TPC line velocity vs. time dependence. It was found that 
position of these peaks depends on bubble radius and liquid/gas interface properties. Thanks to the 
simulations, the mechanism of this effect was discussed and explanation for surprising trends of the 
TPC line velocity variations was proposed. 

2. Materials and methods 

2.1. Experiments 

The experimental measurements were performed in a special glass cell (rectangular cross-section, 30 cm 
height, 8 cm width and 6 cm depth). Single bubbles were created by a bubble generator at the top of 
a thin capillary with the inner diameter 10 µm (Hubicka et al., 2013). The resulting bubble diameter 0.70 
and 0.85 mm was adjusted by control of the bubble growing time. After detaching from the capillary, 
the bubble rose through the liquid to the horizontal solid plate. Silanized glass was used as a model 
hydrophobic surface (Basarova and Souskova, 2018). The distance between the capillary tip and the 
solid surface was 20 cm, i.e. was far enough for the rising bubble to reach its terminal velocity. The 
phenomena occurring during the bubble-solid surface interactions, i.e. the bubble motion before and 
after the collision with the solid particle as well as during the adhesion, was recorded using a high-
speed digital camera Photron FastCam SA1.1 (16000 fps, resolution of 1024´1024 pixels, calibration 2.8 
µm per pixel) with a Navitar macro objective. At least five video sequences were captured for every size 
of the bubble. The image analysis was done using the NIS-Elements Advanced Research software. All 
the sequences were qualitatively observed with regard to possible bouncing, bubble shape deformation 
and the symmetry of three-phase contact line expansion. The development of the diameter of TPC line 
(dTPC) over time and variations in the vertical position of the bubble bottom apex (ybottom) were evaluated 
for each sequence. The bubble diameter (db) and the final equilibrium contact angle (q0) were measured 
for every sequence as well. The velocity of TPC expansion (UTPC) was calculated as: 

    𝑈"#$(&) =
)*+,	(./01)2)*+,	(./)

(3/0123/)
                                                                     (1) 

where 𝑑"#$	(3/01) and 𝑑"#$	(3/) were TPC line diameters measured for two subsequent frames from the 
recorded movies. The time step (𝑡&67 − 𝑡&) in the case of water was 0.0625 ms, while in SDS solutions, 
due to slower expansion of TPC line, was equal to 0.25 ms. 

Experiments were performed at 25 °C in pure water and in an aqueous solution of the anionic 
surfactant sodium dodecyl sulphate (SDS) at concentration 2´10-2 mol×dm-3. This concentration is above 
the critical micelle concentration equal to 8´10-3 mol×dm-3. SDS was purchased from Sigma-Aldrich 
Chemical Company (for ion pair chromatography, details in Basarova et al., 2017) and used as received. 
The surface tension of water at 25°C was 72.4 mN×m-1.  In case of SDS, we measured the dynamic surface 
tension using the Krűss tenziometer BP100 employing the maximum bubble pressure method. After 1 
second, we observed the equilibrium and the surface tension was 38.5 mN×m-1. 

2.2. Numerical calculations 

To reproduce experimental conditions, phenomena occurring during bubble attachment to the 
hydrophobic solid wall immersed in liquid phase was calculated numerically by solving the governing 
equations, describing the conservation of momentum and mass of an incompressible, viscous liquid in 
the form (Popinet, 2009): 
 



Physicochem. Probl. Miner. Process., 54(4), 2018, 1095-1106 
 

1097 

𝜌 :;𝒖
;3
+ 𝒖 ∙ ∇𝒖@ = −∇p + ∇ ∙ (2µ𝐐) + 𝜎𝜅𝛿H𝒏               (2) 

∇ ∙ 𝒖 = 0                (3) 
using spatial discretization and numerical scheme described in details in (Popinet, 2003; Popinet, 2009; 
Fuster et al., 2009), where Q is a deformation tensor defined as: 

𝑸 = 7
L
(∇𝒖 + (𝒖)𝑻)                                                                       (4) 

while u = [ux, ur] is the fluid velocity vector, ρ is the density and µ is the viscosity of the fluid, p is a 
pressure, t is time, σ is surface tension, δs is a Dirac distribution function (expressing the fact that the 
surface tension term is concentrated at the interface), while κ and n are the curvature and normal unit 
vector to the interface, respectively.  

Fig. 1 presents scheme of the computational domain. The calculations were performed using a two-
dimensional, axi-symmetrical, cylindrical coordinate system. Radius of the computational domain (L) 
was equal to 2 mm. A spherical bubble of diameter db = 2rb (adjusted according to the experiment) was 
placed beneath the horizontal, no-slip, solid wall. Slip boundary conditions were assumed at the bottom, 
left and right boundaries to minimize the wall effects. For all computational domain walls, Dirichlet 
boundary conditions were applied. The computational domain was spatially discretized using square 
finite volumes called cells, which were hierarchically organized as quadtree (Popinet, 2003). An adaptive 
refinement algorithm (AMR) was applied to adjust the spatial discretization to follow the scale and 
temporal evolution of the flow structures. Such an approach implies that the computational mesh size 
varies in the domain. The grid size depends on refinement level and is directly related to the L value 
(Popinet, 2003; Zawala, 2016). The AMR implies also that the finest grid cell can be found at the 
liquid/gas interface and in its vicinity. In our calculations, for L = 2 mm and refinement level equal to 
9, the smallest grid cell was equal to 3.9 µm. As was shown elsewhere (Zawala, 2016) for L = 2 mm this 
refinement level is enough for computational results convergence. 

 
Fig. 1. Scheme of the computational domain 

The distance of the bubble top apex to the solid/liquid interface, i.e. initial thickness of the liquid 
film (h), was set to be equal to 35 µm. This thickness resulted from numerical reasons - a bubble has to 
be located at the distance equal to several computational cells from the solid/liquid interface to assure 
stability of calculations. The density of the liquid and gas were 1000 and 1.3 kg/m3, respectively, i.e. 
equal to density of water and air.  Similarly, the dynamic viscosity of liquid and gas was taken as 1´10-

3 and 18´10-6 Pa×s, respectively. Similar to experimental conditions, the surface tension was assumed to 
be equal 72.4 mN×m-1.  The contact angle of the solid surface depended on the level of refinement of the 
solid boundary (Afkhami et al. 2009) and, under chosen computational conditions, was around 80° for 
bubble with fully mobile interface. To take into account bubble surface immobilization by the presence 
of surfactant adsorption layer, the original volume of fluid algorithm was modified. Keeping all other 
physicochemical parameters of the system constant, different viscosity value at the liquid/bubble 
interface (surface viscosity), implying secondary tangential stresses near the interface, were used in 
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calculations. This approach simulated bubble surface fluidity retardation in surface-active substance 
solution of high concentration (Zawala et al. 2016). The total kinetic energy of the system was calculated 
using the formula (Zawala 2016): 

𝑇 = 7
L ∫2𝜋𝑟𝜌𝒖	𝑑𝑥	𝑑𝑟                                                                       (5) 

3. Results and discussion 

3.1. Experimental determination of the TPC line spreading kinetics in pure water and surfactant 
solutions 

Fig. 2 shows the bubble adhesion (db = 0.705 mm) to the hydrophobic solid surface in pure water. The 
first image at t = 0 ms illustrates the situation just before the film rupture. The bubble sits at the solid 
surface practically motionless, after complete dissipation of its kinetic energy, related to bouncing and 
associated shape oscillations. The initial zero time is set as the time of the rupture of the liquid interface 
film and it was set on the basis of visual observation together with the calculated change of dTPC. The 
formation of the three-phase contact line is visible after 0.0625 seconds (camera time step) on the second 
shot. The TPC line expansion continues together with significant bubble shape deformation, where the 
bubble vertical diameter is firstly extended and then compressed. While the diameter of the three-phase 
contact line does not change significantly anymore, the bubble shape deformation is still observable. 
The bubble shape deformation during expansion could be described as a form of bouncing while 
keeping the three-phase contact (liquid/gas interface pulsates). The images illustrate the bubble 
adhesion process during the first three milliseconds. Even after this time there were visible some 
oscillations, but the shape of the bubble did not change too much. The whole sequence consists of 5000 
images including collision process and final equilibrium.  
 

 
 

Fig. 2. A series of photos illustrating the adhesion of the bubble (db = 0.705 mm) onto the hydrophobic solid 
surface in pure water. The time interval between individual shots is 0.0625 ms 

 
The bubble adhesion illustrated above can be characterised quantitatively using variations in 

diameter of the TPC line (dTPC), velocity of the TPC line expansion (UTPC) and the position of the bubble 
bottom coordinate (ybottom). Fig. 3 presents the data which were calculated for the bubble adhesion 
process presented in Fig. 2. The bubble diameter (before liquid film rupture – first photo in Fig. 2) is 
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0.705 mm and the time step between individual images is 0.0625 milliseconds. We observed bubble 
flattening due to buoyancy before the formation of TPC line and thus ybottom (at t=0 ms) is smaller than 
db. The non-zero value of dTPC at t = 0 ms does not have a physical meaning and it is a result of computer 
data processing – this is the diameter of liquid film (contact between bubble and solid surface) just 
before its rupture. The TPC line expands very quickly; the velocity reaches its maximum in the first 
captured moment (0.1 ms). The TPC line continues to expand but with a decreasing velocity. At around 
1.3 ms the expansion velocity increases again and unexpected second peak can be observed with its 
maximum at t = 1.4 ms. On the dTPC curve, one can see that this effect is associated with a small S-shape 
course. After that, the TPC line diameter reaches a stable value and the expansion velocity becomes 
zero. This whole process from TPC line formation to stable TPC position took 1.7 ms. Even though the 
bubble shape continues to change after this point (see left image in Fig. 3) it does not affect the length 
of TPC line significantly anymore. Also the contact angle does not change. The equilibrium contact angle 
in this case was 99.5o. To conclude, during the first 2 ms after liquid film rupture we can observe quick 
TPC line expansion connected with the change of bubble shape. Fig. 3 shows also the change of the 
bubble bottom apex position (ybottom) in the vertical direction over time. In first 0.5 milliseconds, no 
change was observed even though both dTPC and UTPC change dramatically. During the quick bubble 
adhesion part the bottom apex position decreases significantly due to the bubble flattening. After that, 
we can observe typical oscillations. The period between the individual peaks is 1.2 ms and the whole 
process is muted after 20 ms.  

 

 
Fig. 3. The time dependence of the diameter of the TPC line (left), TPC expansion velocity (middle) and bubble 

bottom apex position (right) in pure water for a bubble with diameter 0.705. The time interval between individual 
points is 0.0625 ms  

Fig. 4 shows the TPC diameter and expansion velocity for two different bubble sizes in water. The 
points represent the average value measured from 3-4 sequences. The courses of the two monitored 
quantities are similar. The TPC diameter increases with bubble size. The ratio dTPC/db remains constant 
as the wetting angle does not change. The average value of the contact angle was 97.8o ± 2.2o. Although 
it seems that the bubble size does not significantly influence the extent of the velocity, it significantly 
influences the timing. The smaller the bubble, the earlier the velocity peak appears and the earlier the 
equilibrium diameter (zero velocity) is reached. To conclude, typical features of bubble adhesion in pure 
water are i) fast TPC line expansion (finished in 2 ms), ii) bubble shape deformation during the adhesion, 
iii) additional maximum on velocity profile and iv) bubble shape oscillations. 

The second part of experiments was done in aqueous solution of the surface-active agent SDS. The 
concentration is 2´10-2 mol×l-1 which is above the critical micelle concentration. Under these conditions 
we assume a fully immobile surface of the bubble. Fig. 5 illustrates the bubble adhesion process (db = 
0.712 mm) onto the hydrophobic surface in a solution of SDS. The first image at t = 0 ms illustrates the 
situation just before the liquid film rupture. The camera captured a bubble motion with a time step of 
0.0625 milliseconds. However, images with a 0.25 millisecond time step are shown in the Fig. 5. 
Expansion of the TPC line is very slow and small differences are not perceived by the human eye. The 
bubble shape changes, particularly the oscillations in vertical direction like in pure water, were not 
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detected. The TPC line expansion continues together with bubble shape change, but the bubble keeps 
the spherical shape. The images illustrate the bubble adhesion process during the first ten milliseconds. 
Even after this time there are visible some small changes but the shape of the bubble does not change. 
The equilibrium state is reached after 50 ms. The whole sequence consists of 5400 images including final 
equilibrium. The bubble rising and its collision with the solid surface was not captured because the time 
lapse between the collision and the actual formation of the TPC line was longer than is possible to 
capture. Also, no bubble bouncing was observed. The extended time of the liquid interface film 
depletion is caused by the high concentration of surfactant molecules, which stabilises the interface film 
(Malysa et al., 2005). 

 

 
Fig. 4. The average data of diameter of the TPC line and TPC expansion velocity in pure water for bubbles with 

diameters 0.70 mm and 0.85 mm. The time interval between individual points is 0.0625 ms 

 

 
Fig. 5. Sequence of photos illustrating a course and outcome of the bubble (db = 0.712 mm) adhesion onto the solid 

surface in aqueous solution of SDS. The time interval between individual points is 0.25 ms. The final image 
represents equilibrium at t = 25 ms 

 

Calculated data for this sequence, namely dTPC, UTPC and ybottom, are given in Fig. 6. Note different time 
range when compared with Fig. 3. The diameter of the TPC line increases very slowly without any 
oscillations and the equilibrium was observed after 50 milliseconds. The bubble keeps the spherical 
shape and the equilibrium contact angle is 69.5o. The velocity of TPC expansion is captured in the middle 
image. We use the time step 0.5 ms for this calculation. The data was captured at 16000 fps but the 
change of dTPC distance did not differ much from the calibration length. Therefore, a longer period of 
time was used. The chart clearly shows first the increase in UTPC, where the maximum is reached after 
3 millisecond. Then the velocity decreases and acquires almost unmeasurable values after 25 
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milliseconds. The velocity of TPC expansion in surfactant solution is at least ten times slower than in 
water. The last graph shows the movement of the bubble bottom apex in vertical direction. The 
movement of the lower part of the bubble was detected after 0.5 ms after the liquid film rupture. The 
bubble oscillations are completely muted during the bubble adhesion and the bottom position was 
stable after 12 ms. 

 
Fig. 6. The time dependence of the diameter of the TPC line (left), TPC expansion velocity (middle) and bubble 

bottom apex position (right) in SDS solution for a bubble with diameter 0.712 mm 

Fig. 7 shows the TPC diameter and expansion velocity for two different bubble sizes in SDS solution. 
The points represent the average value measured from 4-5 sequences. The TPC diameter increases with 
bubble size. The ratio dTPC/db remains constant again and the average value of the contact angle is 69.4o 
± 1.7o. The velocity of TPC expansion is completely different in solutions of surface active agents when 
compared with pure water. The velocity is much slower and we can observe an initial increase of UTPC 
after 3 milliseconds. The times coordinate of the maximum increases with bubble size. After reaching 
this maximum, the velocity slowly decreases. The large scattering of data is caused by a small difference 
of the input data. To conclude, typical features of bubble adhesion in solutions of surface active agents 
are i) slow TPC line expansion (finished after 20 ms), ii) no bubble shape deformation during the 
adhesion, and iii) a maximum on velocity profile after 3 ms. 

 
Fig. 7. The average data of diameter of the TPC line and TPC expansion velocity in SDS solution for bubbles with 

diameters 0.71 mm and 0.87 mm. The time interval between individual points is 0.25 ms 

2.3. Simulations of the TPC line spreading 

2.3.1 Mobile liquid/gas interface (water) 

Fig. 8 presents simulation snapshots illustrating calculated outline of the bubble during (i) resting at 
solid surface (t < 0), rupture of the intervening liquid film (t = 0), formation of TPC hole (t = 0.1 ms) and 
TPC line spreading (t > 0.1 ms) for completely mobile liquid/gas interface (i.e. for situation 
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corresponding to distilled water). Corresponding time values are marked at each snapshot. Note, that 
similar to the experimental case presented in Fig. 2, also here characteristic elongation of the bubble 
shape, associated with the TPC formation and spreading can be noticed (see pictures for t = 0.4 and 0.7 
ms). Moreover, bubble is flattened after elongation period (t = 1.2 ms), what is also consistent with 
experimental observations. 

 
Fig. 8. Chosen simulation snapshots illustrating calculated bubble shapes during wetting film rupture and TPC 

line spreading  

Evolutions of the TPC line diameter as well as the TPC line expansion velocity obtained in numerical 
simulations for db values corresponding to those studied experimentally (0.70 and 0.85 mm), are 
presented in Fig. 9. These dependencies look quite similar (qualitatively and quantitatively) to 
experimental data presented in Fig. 4, confirming quite a nice agreement between experimental 
observation and numerical simulation results. Characteristic peaks for the TPC expansion velocity 
around 1 – 2 ms after the wetting film rupture are clearly visible. Initially the velocity of TPC line 
spreading is comparable for both db values and ca. 1.5 ms first maximum for smaller bubble appears. 
The second maximum of UTPC for larger bubble is shifted towards higher time values. Comparing the 
bubble shape variations observed in Fig. 8 with UTPC variations presented in Fig. 9 (Fig. 2 and 4 in the 
case of experiment, respectively) it seems that the velocity peak is associated with the most violent 
bubble shape variations, i.e. with the situation, when, after the TPC formation, the bubble shape is first 
elongated and then flattened (the change in the bubble bottom pole position is relatively big and equal 
to ca. 0.2 mm). The elongation of the bubble shape results from interplay between detachment and 
attachment forces (Kosior and Zawala 2017). Due to the TPC formation, the capillary force (related to 
diameter of the TPC perimeter) is too strong for the bubble for its detachment. Consequently, the bubble 
is pushed back (see for example pictures for t = 1.2 – 1.3 ms in Fig. 8), what is most probable source of 
additional pressing force (additional pressure), facilitating (speeding up) the rate of expansion of the 
TPC line (maximum at UTPC vs time curves).  

This hypothesis impose that characteristic peaks observed at UTPC vs time curves (Fig. 4 and 9) has 
only hydrodynamic origin and is associated with local increase of total kinetic energy of the system, 
resulting from quite violent bubble shape pulsations. To check correctness of this claim - thanks to the 
numerical simulations - we can look a little bit deeper into to the nature of this effect, analysing 
quantities, which are impossible to obtain experimentally. Fig. 10 presents comparison between 
variations in the position of bubble bottom apex (for db = 0.70 mm) and calculated kinetic energy of the 
system (kinetic energy of the liquid which motion is induced by the bubble shape variations). Again, t 
= 0 means rupture of the wetting film and TPC formation. As seen, initially the kinetic energy is constant 
and just after the moment of TPC hole formation and expansion increases significantly. Simultaneously, 
the bubble bottom pole approaches much closer to the solid surface – this change is quite significant 
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and occurs in fraction of millisecond, only. Then, small changes in the ybottom and the T can be noticed, 
followed by relatively large peak (both for ybottom and T) for t equal to ca. 1.5 ms.  This is exactly this same 
t value for which maximum at UTPC vs time curve can be observed (see Fig. 4 and 9 for db = 0.70 mm). 
Existence of this T peak, which is a consequence of quite violent bubble shape variations (manifested 
by ybottom changes) proofs correctness of explanation of above-mentioned mechanism and explains 
nature of characteristic and unexpected maxima at UTPC vs time curves.  

 

Fig. 9. Variations in: (A) diameter of the TPC line and (B) velocity of the TPC line spreading as a function of time 
for two different bubble sizes and mobile liquid/gas interface) 

 
Fig. 10. Variations in position of the bubble bottom apex (solid surface positioned at y = 0) and total kinetic energy 

of the system during liquid film rupture (t = 0) and TPC line expansion for bubble of db = 0.70 mm (mobile 
liquid/gas interface) 

The TPC line expansion in pure systems is influenced mainly by hydrodynamics. Such explanation 
is valid for smooth hydrophobic solid surface. It is possible that TPC line expansion can be influenced 
also by higher roughness, presence of air entrapped in the surface grooves and cavities, non-uniform 
chemical composition of the solid surface, different degree of hydrophobicity etc. In our system, 
however, we believe that hydrodynamic factor is a key parameter determining TPC line expansion 
course. 

2.3.1 Immobilized liquid/gas interface (solution of surface-active substance) 

To explain big difference between kinetics of the TPC line expansion in solution of surface-active 
substance and in pure water observed experimentally (see Figs. 6-7), variations in ybottom of the bubble 
just before and after TPC hole formation was compared in Fig. 11A. To visualize strong influence of 
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degree of liquid/gas interface mobility, the ybottom changes during TPC line expansion were presented 
there for a bubble with fully mobile (slip) and fully immobilized (no-slip) interface. As seen, fully mobile 
interface was much more deformable (as already discussed above) what resulted in quite violent 
changes in bubble bottom apex position. In contrast, due to liquid/gas interface immobilization 
(rigidity), which in real experimental conditions is caused by presence of surfactant and its adsorption 
at the bubble surface, bubble shape pulsations are significantly damped.  

Certainly, as a consequence, totally different course of kinetic energy variations in the system can be 
observed. Due to significant attenuation of the bubble shape pulsations for immobilized liquid/gas 
interface, kinetic energy changes were much smaller and smoother. This explains difference in dTPC and 
UTPC evolution observed in distilled water and SDS solution determined on the basis of experimental 
data.  

 

Fig. 11. Variations in: (A) position of the bubble bottom apex (solid surface positioned at y = 0) and (B) total 
kinetic energy of the system during liquid film rupture and TPC line expansion for bubble of two different size 

(mobile and immobile liquid/gas interface) 

Fig. 12 presents evolution of the dTPC (normalized to db) for mobile and immobilized bubble surface. 
The lack of characteristic S-shape course, already discussed in the experimental section, is clearly 
noticeable here for immobilized liquid/gas interface. Despite quite similar courses of expansion of the 
TPC line diameter determined experimentally and numerically, we were not able, unfortunately, to 
accurately reproduced the velocity of the TPC line spreading. Numerically determined velocity is 
presented in Fig. 12B (compare with Fig. 7). 

 

Fig. 12. Time evolution of (A) normalized TPC diameter and (B) TPC line spreading velocity  
(numerical results) 
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The reason of the main (long and smooth) peak observed for surfactant solution is probably 
connected with the existence of the gradient of surface tension. The bubble stays under the surface for 
up to tens of seconds without any change or motion. During this period, the liquid thin film very slowly 
thins and surfactant molecules spread all over the bubble surface. After creating the TPC line we should 
consider also the interfacial gradient of surface tension and concentration of molecules (the reverse 
Marangoni flow). The bubble surface area decreases and thus the surface concentration increases. The 
initial increase of velocity may be related to the surface tension gradient, which was not taken into 
account in numerical simulations. As was already discussed, model used to mimic presence of 
adsorption layer at the bubble surface was simple and assumed global immobilization of the liquid/gas 
interface only by viscous drag increase. 

3. Conclusions 

The kinetics of the TPC line expansion during bubble collision and rupture at hydrophobic solid surface 
is significantly influenced by the bubble shape oscillations, which are diminished in case of surfactant 
presence. 

In case of completely mobile liquid/gas interface, corresponding to pure water, characteristic bubble 
shape oscillations were observed during the TPC line formation and expansion. The TPC expansion 
velocity vs time curve exhibits a characteristic peak around 1 – 2 ms after the liquid film rupture. We 
proved that this characteristic peak has the hydrodynamic origin and is associated with local increase 
of total kinetic energy of the system, resulting from quite violent bubble shape pulsations. 

In surfactant solutions, the effect of the liquid/gas interface immobilization is very significant, 
because the bubble shape pulsations are damped and kinetic energy changes were much smaller and 
smoother. The forces of surface tension gradient overcome the viscous forces and the hydrodynamic 
model is not able to explain the non-monotonic curve of the expansion velocity profile in surfactant 
solutions. 
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� Bubble velocity in aqueous solutions
of ethanol or propanol was captured
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mobility depend strongly on alcohol
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The behaviour of spherical bubbles rising in water-ethanol and water-propanol mixtures was investi-
gated experimentally for the whole range of concentrations, from pure water to pure alcohol. These
two alcohols were chosen for their importance in industrial applications and for their peculiar properties
resulting from the formation of organised microstructures in the non-ideal mixture at a molecular level.
The effect of the composition of the alcohol-water mixtures on the physicochemical properties of the liq-
uid was evaluated for all the solutions investigated, compared with literature values to critically access
the effect of the concentration of alcohol on the bulk and interfacial properties of the mixtures. The
hydrodynamic behaviour of bubbles rising in the mixtures was evaluated, by using high speed video
to measure the bubble size and terminal velocity. From the corresponding drag coefficients, the mobility
of the bubble’s surface was determined revealing that in alcohol-water mixtures there are three regions:
(1) with very low alcohol concentrations (xE � 0.01, xP � 0.005), the solutions behave as surfactant solu-
tions with increase of bubble’s drag coefficient with increase of the alcohol concentration till total immo-
bilization of the bubble surface; (2) at intermedium concentration, the drag coefficient decreases as the
concentration of alcohol increases with consequent increase of competition for location of alcohol
molecules at the interface or on the bulk with formation of molecular network; (3) at high concentration
(xE � 0.20 and xP � 0.07), the bubbles have again fully mobile surface as in a pure liquid.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction and particularly biotechnology. The multiphase interaction typi-
Gas-liquid processes are some of the most common and impor-
tant operations in chemical process industry, mineral processing,
cally occurs via the sparging of gas bubbles into a liquid media,
and their subsequent rise through the bulk carrying liquid. This
simple phenomenon forms the basis of several industrial multi-
phase processes, such as absorption, distillation, froth flotation
and bubble column reactions (Kulkarni and Joshi, 2005). The
equipment is hence designed and optimised using knowledge of

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ces.2018.07.008&domain=pdf
https://doi.org/10.1016/j.ces.2018.07.008
mailto:pavlina.basarova@vscht.cz
https://doi.org/10.1016/j.ces.2018.07.008
http://www.sciencedirect.com/science/journal/00092509
http://www.elsevier.com/locate/ces
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the fundamentals of hydrodynamics. In order to fully understand
the transport processes across the interface and effectively esti-
mate the heat and mass transfer coefficients, it is therefore essen-
tial to have a solid understanding of the bubble size and size
distribution (effective interfacial contact area), dispersion, and per-
haps most importantly bubble rise velocity (Ishii and Zuber, 1979).
The gas phase velocity is of great importance as it determines the
contact time with the liquid and ultimately the overall residence
time and performance of equipment. There are a number of forces
which act on the bubble during its motion that determine its sur-
face mobility and velocity, such as buoyancy, drag, gravity, lift, sur-
face tension, viscous forces, etc. (Magnaudet and Eames, 2000).
Generalising the bubble motion for all gas-liquid systems is there-
fore rather complex, as these forces will vary from system to sys-
tem due to their dependence upon the different bubble
characteristics, physicochemical parameters and operating condi-
tions (Kulkarni and Joshi, 2005). However, as the bubble behaviour
is greatly influenced by the physicochemical properties and struc-
ture of the bulk liquid (density, viscosity, surface tension, concen-
tration of solute, etc.), it is therefore possible to manipulate the
operating regime by varying these properties (Alves et al., 2005).

The aqueous solutions of short chain alcohols, such as metha-
nol, ethanol and propanol, are of great interest due to their atypical
physicochemical properties over a broad range of composition
(Dolenko et al., 2015). Given that short chain alcohol solutions
are used daily in many industrial, biological and pharmaceutical
processes, there is great motivation for research on these anoma-
lies on a practical level. While the unusual behaviour has been
the subject of much debate, it has been widely proven to be the
result of the formation of organised, distinct local microstructures
in the non-ideal mixture at a molecular level (Dixit et al., 2002).
The clustering of micelle and chain-like groupings are governed
by the hydrogen bonding, hydrophilic interactions and hydration
between molecules (Dolenko et al., 2015). It has been well-
documented and demonstrated that the thermodynamic and
transport properties of the alcohol-water binary solutions, such
as volume reduction of mixture, diffusion coefficient, surface ten-
sion, heat capacity, wettability, viscosity etc., vary significantly rel-
ative to the ‘‘pure” alcohol or water states as a result (Chodzińska
et al., 2012). It is therefore the aim of article to explore the conse-
quences of the atypical properties of water-alcohol binary solu-
tions on the behaviour of dispersed multiphase systems. To do
so, the terminal velocities of spherical bubbles were determined
in water-ethanol and water-propanol mixtures covering the whole
range of concentration, from pure water to pure alcohols. The cor-
responding drag coefficients were calculated and used to assess the
mobility state of the bubbles’ interface. The changes in the bubble
surface mobility and its dependence on alcohol concentration are
discussed based on the effect of the latter on the thermodynamic
properties of the solutions.
2. Theoretical part

2.1. Thermodynamic properties of alcohol-water mixtures

The aqueous solutions of simple alcohols have been thoroughly
investigated for decades by biologists, chemists, and engineers due
to their exceptional practical importance in many industrial, bio-
logical, and pharmaceutical applications. A clear understanding of
the abnormalities in their behaviour is therefore of great impor-
tance to understand their influence on systems and for their suc-
cessful application as co-surfactants and co-solvents (Chodzińska
et al., 2012). The negative mixing volume is the most well-
known of the anomalies that alcohol-water solutions exhibit
(Banerjee et al., 2012; Gonzalez et al., 2007; Chodzińska et al.,
2012). This suggests that there are some structural changes within
the binary mixture over a wide range of composition. Similarly,
many experimental studies have shown that the observed entropy
increase upon increasing alcohol concentration is significantly
smaller than expected (Dolenko et al., 2015). This fact has been
known experimentally since 1937 (Pascal and Goddard, 2012)
and stimulated the theoretical investigations of Sato, who aimed
to determine the origin of these abnormalities (Sato et al., 1999,
2000). According to their observations, the excess entropy SE

increases significantly when alcohol is added into water. After
reaching a maximum, SE decreases again and then it reaches a
stable value which expresses the unchanging order of the mole-
cules in the mixture. The transition concentrations are equal to
18 molar % for ethanol and 14 molar % for propanol.

Despite considerable research on these mixtures, specific
details of their molecular structuring have not been realised. How-
ever, the hypothesis is it can be attributed to the better packing of
alkyl-groups caused by the strengthening of the water-water
hydrogen bonding network around the alcohol hydrophobic head
groups. This leads to the formation of various microscopic
pseudo-clathrate chainlike structures or even micelle like clusters
in the surrounding water. This theory is generally supported by
the majority of experts and has been independently verified by
several methods over the last 20 years (Dolenko et al., 2015).
D’Angelo and co-workers (D’Angelo et al., 1994) used infrared
spectroscopy to study transitions in the micro-heterogeneous
structures in binary alcohol/water solutions. They showed that
alcohol molecules are monomolecularly dispersed and surrounded
by water molecules at low concentrations. Upon increasing con-
centration, they observed the progressive aggregation of mixture
components and a change to the hydrophobic hydration up to a
critical composition maximum. Above this concentration, the
water hydrogen bond network is presumed to breakdown as it
subsides to the increased alcohol concentration. A similar maxi-
mum is observed using a variety of methods in this region of crit-
ical concentration. Mijakovic et al. (2011) used ultrasonic and
hypersonic measurements of the speed of sound of aqueous mix-
tures of ethanol and found the maximum sound velocity in ethanol
at xE � 0.15, followed by a progressive diminution above this con-
centration. Considering sound propagates slower in ethanol, this
suggested the quality of the water network is improved and more
rigid with adding ethanol up to this concentration. Similar results
were found by Takamuku and co-workers (Takamuku et al., 2004;
Takamuku et al., 2005) who investigated the microscopic structure
using the method of X-ray diffraction and mass spectroscopy. Car-
rying out large-angle X-ray scattering experiments, they observed
a structural change from a tetrahedral-like water network to
chains of hydrogen bonded alcohol molecules occurring at metha-
nol mole fraction of xM � 0.3, ethanol mole fraction of xE � 0.2 and
at propanol mole fraction xP � 0.1. Above these concentrations,
they showed that so-called polymer hydrates of alcohol are formed
in the aqueous mixture. The mass spectroscopy indicated that the
water molecules are not bonded together but rather serve as a sta-
biliser for the alcohol polymer clusters. A Rayleigh light scattering
study of isopropanol-water binary mixtures similarly found that
below a very dilute concentration (x2P < 0.05) the isopropanol is
well solvated by water molecules and individual hydrates are
formed. Above this concentration, large clusters are formed in
the mixture until reaching a maximum concentration of x2P �
0.30 (Wu et al., 2001). Above this concentration, the clusters are
reduced to smaller aggregates. This, coupled with the similar
anomalies observed with methanol and ethanol, further empha-
sises that this is characteristic behaviour of short chain alcohols.
Differential Scanning Calorimetry had previously predicted the
existence of these three distinct concentrations regions which
define the solution structure and, in turn, the resulting structure
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formed upon freezing methanol, ethanol and propanol (Takaizumi
and Wakabayashi, 1997). At low concentrations, it was described
as a water-rich region in which the water molecules completely
surround the alkyl groups and undergo hydrophobic hydration. A
transient region is observed within a narrow range of concentra-
tion (molar fractions xM = 0.3, xE = 0.17 and xP = 0.1) where the
number of clusters of alcohol molecules grows exponentially with
increasing alcohol concentration. Outwith this region, the water
behaves as a solvent in the alcohol solution as there are no longer
enough water molecules to form the strong cluster networks. Addi-
tionally, Dolenko et al. (2015) presented a Raman scattering spec-
tra of the full composition range highlighting the different
strengths of hydrogen bonds. The maximum energy of hydrogen
bonding was found to be higher than that of pure water at low
concentrations of ethanol. The authors believed they once again
confirmed the hypothesis of clathrate-like structures in water-
ethanol solutions. Lam et al. (2016) further confirmed these find-
ings using X-ray absorption spectroscopy and noticed a significant
enhancement of hydrogen bonding and liquid-liquid interactions
upon dilution with water. The resulting improved structural order-
ing of the liquid was believed to provide reasonable elucidation for
the negative volume and excess entropy and odd thermodynamic
properties.

These findings are of particular interest to our problem as the
structural changes at a molecular level within the aqueous solu-
tions of alcohol are reflected in their physicochemical properties.
This is a very important fact as alcohols can therefore be used as
solvents and co-solvents to achieve desired physical properties
by mixing solvents with an appropriate quantity of alcohol. The
changes in the density, heat capacity and viscosity will, in turn,
affect the mass and heat transfer of solutions (Chodzińska et al.,
2012; Krishna et al., 2000). While the change in the density is rel-
atively low and without extremes, the viscosity-composition
dependence shows a rather substantial maximum (three times
the viscosity of pure water), caused by the shortening of hydrogen
bonds. Changes in viscosity directly influence the drag coefficient
and velocity of rising bubbles; hence the hydrodynamics of
sparged equipment will inevitably change, i.e. gas holdup and flow
regimes. Independent of the benefits of their structural arrange-
ment within the bulk liquid, the surface behaviour of alcohols is
also of significant practical importance, enabling their use in con-
junction with surface active agents as co-surfactants. In aqueous
solutions of C1 – C8 alcohols, the changes observed in surface ten-
sion isotherm reflect the behaviour of a classical surfactant; the
surface tension of alcohol-water mixture exponentially decreases
with increasing alcohol concentration due to the increased concen-
tration of alcohol molecules at the interfacial layer when compared
to the bulk liquid. Chodzińska et al. (2012) carried out a compre-
hensive study on the surface properties of primary alcohols aque-
ous solutions, including the activity in the surface monolayer,
surface excess concentration, and apparent and partial molar vol-
umes. The values of the mole fraction corresponding to the aggre-
gation of methanol, ethanol and propanol determined on the basis
of the surface tension isotherms are equal to 0.28, 0.17 and 0.07,
respectively. The increased alcohol concentration in the interfacial
layer was proven also by Sung et al. (2005) using sum-frequency
generation vibrational spectroscopy. These authors also claimed
that the alcohol molecules at the surface do not have an upright
orientation with a narrow distribution but instead are expected
to have a broad orientational distribution alike the surface of pure
alcohol.

2.2. Theory of bubble motion

Understanding and predicting the motion of bubbles in
dispersed flows is a complex and ubiquitous problem in fluid
mechanics. Through a trident approach of experimental, analytical
and numerical work, several models for predicting bubble velocity
in various multiphase systems have been proposed over the last
100 years (Kulkarni and Joshi, 2005; Magnaudet and Eames,
2000). However, these attempts to accurately predict the rise of
gas bubbles in real systems have often proved less than satisfactory
for a wide range of liquid phase properties and bubble sizes. The
models have since been put to the test and are continually modi-
fied with the aid of more modern equipment and techniques. For
example, great effort has been done to control the purity and
degree of contamination of the phases in contact in multiphase
systems. Additionally, the advancements in high-speed cameras,
image analysis software and numerical computer simulations have
enabled researchers to conclusively test the validity of many theo-
retical results. In practice, bubbles are typically present in multi-
phase systems as a swarm of dispersed bubbles of varying size,
able to interact and coalesce with surrounding bubbles. Theoreti-
cally however, it is significantly more advantageous to consider
the behaviour of a single bubble, which is by itself quite complex
in its nature.

We will only consider the problem of the free rise of spherical
bubbles in an infinite media under the influence of buoyancy.
Despite the many complexities and forces which act on a bubble,
the description can be simplified by considering it as the classical
scenario of flow past immersed bodies and attempting a simple
force balance. For the steady motion of a spherical bubble in a stag-
nant liquid, the drag, buoyancy and gravity forces are in equilib-
rium (Magnaudet and Eames, 2000):
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By re-arranging, we get a known relationship
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Here, CD is the drag coefficient, Db is the bubble diameter, Ub is the
terminal bubble rising velocity and ql and qg are the densities of the
liquid and of the gas, respectively. The drag coefficient CD is a func-
tion of the bubble Reynolds number Reb, which is

Reb ¼
qlDbUb

gl
: ð3Þ

Here gl is the viscosity of the liquid. The drag of a bubble moving at
moderate Reynolds number (Reb » 1) depends greatly on the charac-
ter of the flow. The flow can be either attached to the surface of the
bubble (streamlines are almost parallel to the interface) or the flow
detaches from the interface (streamlines depart from the interface
near equator of the bubble and a recirculating flow is present in
the rear of the bubble). In the first regime, the drag is relatively
low and linearly increases with the velocity. This is due to the fact
that the pressure field in the rear of the bubble is similar to that
across the bubble’s front. Pressure forces across the top and bottom
hence compensate each other, whilst the remaining drag is caused
by viscosity. In the second regime, flow separates close to the bub-
ble equator (a streamline leaves the interface at a certain angle),
and there is a recirculation zone behind the bubble. The pressure
field in front of and behind the bubble are very different and the
pressure forces in these two parts therefore do not compensate each
other. In this regime, the drag force is more important and is pri-
marily correlated with the liquid inertia.

The first regime occurs in pure liquids when the interface is
mobile. In this regime, a fluid particle close to the interface accel-
erates in the front part of the bubble, driven by the pressure gradi-
ent and gaining momentum. In the rear part of the bubble, the
momentum allows the particle to continue motion along the
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interface even against increasing pressure. For these ‘‘clean bub-
bles”, liquid therefore exerts very low shear on the bubble surface
and the gas-liquid interface is mobile. Consequently, the liquid
moves with low drag along the bubble surface. The expression of
Mei is recommended for CD (Mei and Adrian, 1992; Mei et al.,
1994) in this regime:

CD ¼
16
Reb

1þ 8
Reb
þ 1
2

1þ 3:315Re�1=2b

� �� ��1 !
: ð4Þ

The drag also depends on the presence of surface active con-
taminants in the system. If surface active agents are present in
the liquid, they adsorb at the interface and accumulate in the rear
part of the ‘‘contaminated” bubble and are not easily removed due
to the high desorption energy restricting the motion in the interfa-
cial layer. In general, fluid particles close to the interface accelerate
in the front part of the bubble, driven by pressure gradient and
gaining momentum. However, part of this momentum is lost due
to viscous shear stress caused by the frictional forces acting on
the fully or partially immobilised interface. Therefore, in the rear
section of the bubble, the fluid particle does not have enough
momentum to overcome the adverse pressure gradient. Fluid par-
ticles are unable to follow the interface, and separate from it. Thus
the interface remains almost surfactant-free close to the front stag-
nation point and the resulting surface tension gradients are bal-
anced by the shear stress exerted on bubble surface by the
surrounding liquid. In contrast to clean bubbles, this shear stress
is higher and the bubble drag is therefore increased. The flow
around such a bubble and also its drag coefficient is well approxi-
mated by comparing the behaviour to that of a solid particle with
no-slip boundary condition considered for the liquid flow
(Magnaudet and Eames, 2000). Schiller and Naumann (1935) sug-
gested the following model for predicting the drag coefficient of
solid spherical particles:

CD ¼
24
Reb

1þ 0:15Re0:687b

� �
ð5Þ

This relationship is also applicable for bubbles with a surface
immobilised by surfactants. Turton and Levenspiel (1986) sug-
gested similar relationship for bubbles with fully immobile surface

CD ¼
24
Reb

1þ 0:173Re0:657b

� �
þ 0:413
1þ 16300Re�1:09b

ð6Þ

This relation is valid for Reb < 130. For Reb > 130, CD is consid-
ered constant and equal to 0.95. It should be noted that for systems
with high interfacial tension, including air/water, only a small
quantity of impurities can cause significant deviations to the bub-
ble movement and observed terminal rising velocity. This can be
attributed to the elimination of internal circulation and immobili-
sation of the bubble surface, causing the bubble to behave any-
where between that of a solid rigid particle and clean bubble.
The surfactants in the bulk phase appear to accumulate on the bub-
ble surface due to their surface-active nature. These are then swept
to the rear of the bubble due to the relative motion between the
bubble and liquid phase, forming an inhomogeneous interfacial
composition. Since the interfacial tension is strongly influenced
by contamination concentration, the increased surfactant contam-
ination accumulating in the rear region causes a decrease in inter-
facial tension. Therefore, a concentration gradient is observed
between the front and rear, which must be balanced by a jump
in the shear stress that opposes the counter-current flow and par-
tially immobilises the rear surface. This phenomenon is known as
the stagnant cap hypothesis and it has been generally accepted
for explaining the behaviour of contaminated multiphase systems
(Alves et al., 2005).
The effect of the contamination will vary greatly depending on
the type and extent of contamination. An increase in contamina-
tion concentration will gradually increase the drag coefficient until
a critical bulk concentration is achieved, causing the bubble to
behave exactly as a rigid sphere of the same size and density. This
critical concentration will vary from system to system, depending
on the nature of the surfactant and bubble diameter. Additionally,
as the bubble moves through the system and contaminants accu-
mulate on the bubble, the concentration at the surface will also
change with time (Dukhin et al., 2015). Given that systems operat-
ing in industry are rarely absolutely pure, typically containing con-
taminants such as surfactants, proteins, antifoam agents, enzymes
etc., it is essential to understand their influence on the bubble
characteristics in order to effectively design a multiphase system.
Using the models (Eqs. (4)–(6)), it is therefore possible to predict
the drag coefficient for rising bubbles in both mobile and immobile
regime for a system of known physicochemical properties and bub-
ble of known diameter. We can therefore obtain and predict the
terminal rising velocity of the bubble. An understanding of the ter-
minal velocity and bubble behaviour in a multiphase system is a
useful tool for determining the residence time, gas holdup, volu-
metric liquid-phase mass transfer; subsequently contributing to
the overall performance of the equipment. However, upon experi-
mentally observing and determining the terminal rising bubble
velocity in a system of known parameters, it is also possible to
compare the findings with those predicted for both mobile and
immobile surfaces to obtain a better understanding of the struc-
tural behaviour and properties of the continuous phase within
the system.
3. Experimental

3.1. Alcohol-water solutions

Pure water (deionised and demineralised using a water purifi-
cation system ‘ULTRAPURE’ produced by Millipore) was used at
laboratory temperature for all measurements and in the prepara-
tion of aqueous solutions. The pH value was 6.13 and the conduc-
tivity was 1.6 lS/cm. Pure ethanol and n-propanol with purities of
>99.5% were supplied by Penta unless otherwise noted in the text.
In these special cases the n-propanol with purity of >99.7% was
supplied by Sigma-Aldrich. Alcohols were used as delivered with-
out further purification. Concentrations of both ethanol-water
and propanol-water mixtures expressed using molar and weight
fractions are listed in Table 1 accompanied with their associated
physical properties.

To prepare the aqueous alcohol solutions, water and alcohol
were weighed out in appropriate amounts using a Mettler Toledo
NewClassic ML balance to an accuracy of ±0.01 g and a Mettler
Toledo AE 200 balance to an accuracy of ±0.0005 g for very dilute
solutions. The solution was then stirred and shaken thoroughly
to ensure complete mixing, and allowed to cool to room tempera-
ture to allow for the heat of mixing. The true molar fraction of each
solution was then calculated from the mass of each component.
Considering the systematic errors associated with the evaporation
of components during filling and balance instrumental error, the
error of this is estimated to be less than 0.1%.
3.2. Physicochemical properties

The viscosity, density and surface tension measurements were
determined at 25 �C for all solutions and are listed in Table 1.

The dynamic surface tension was measured using the maxi-
mum bubble pressure method for a surface age range from 10
ms to 1 s. This measurement was performed using a Kr}uss Bubble



Table 1
Characteristics of solutions used in the present study. Molar and mass fractions, experimental density, surface tension and dynamic viscosity at laboratory temperature.

Molar fraction
xi

Mass fraction
wi

Temperature (�C) Density (kg/m3) Surface tension (mN/m) Dynamic viscosity (mPa s)

Ethanol
0 0 25.0 997.1 72.2 0.891
0.005 0.0127 25.0 995.2 65.7 0.960
0.01 0.0252 25.2 993.4 61.7 1.020
0.02 0.0495 24.0 989.9 55.6 1.142
0.05 0.1186 24.2 979.4 45.3 1.495
0.10 0.2212 24.9 962.7 36.6 1.969
0.15 0.3110 24.9 948.6 32.3 2.214
0.20 0.3898 26.2 934.2 29.9 2.308
0.30 0.5229 25.2 904.8 27.9 2.339
0.50 0.7189 25.2 858.3 24.9 1.942
0.80 0.9106 25.2 810.3 23.0 1.386
1 1 25.0 785.6 21.8 1.099

Propanol
0 0 25.0 997.1 72.2 0.891
0.001 0.0033 23.8 997.0 68.2 0.926
0.003 0.0099 23.8 996.0 62.3 0.962
0.005 0.0165 24.0 995.0 57.8 0.997
0.008 0.0262 23.7 993.5 52.9 1.050
0.01 0.0326 24.3 992.6 50.4 1.080
0.02 0.0638 24.5 987.7 41.9 1.257
0.05 0.1490 25.8 973.8 30.6 1.610
0.07 0.2011 26.0 963.4 28.0 1.836
0.10 0.2709 24.1 953.8 26.2 2.198
0.20 0.4552 25.0 914.2 25.3 2.608
0.30 0.5890 23.5 887.5 25.4 2.820
0.50 0.7670 23.6 850.9 24.9 2.597
0.80 0.9301 23.4 816.8 24.1 2.196
1 1 23.9 799.9 23.3 2.035
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Pressure Tensiometer (BP100). We found that the surface tension is
independent of the bubble age. The alcohol mixtures thus exhibit
similar behaviour to pure liquids in that the dynamic surface ten-
sion is stable over time. On the liquid-air interface, the existence of
a saturated monolayer with a higher alcohol concentration is pre-
supposed when compared with the bulk (Chodzińska et al., 2012).
The shortest bubble life time during the experimental measure-
ment is 10 ms and even for this short period no change of surface
tension was observed. The measurements were made at least twice
and the average values of surface tension are listed in Table 1. A
very clear agreement was observed when comparing the surface
tension data measured with published data from multiple sources
for both ethanol-water and propanol-water mixtures (Glinski et al.,
1996; Chodzińska et al., 2012; Khattab et al., 2012; Vazquez et al.,
1995).

The dynamic viscosity (mPa s) and density (g/cm3) were mea-
sured to an accuracy of 0.1% using a Stabinger Viscometer pro-
duced by Anton Paar (SVM3000). The rotational viscometer
design is a modification of the more common Couette-type. For
solutions of alcohol molar concentration <10%, the viscosity of
the sample would be too close to that of pure water and viscosities
obtained using the Stabinger Viscometer were no longer accurate.
In this case, the viscosity was measured using a Viscoclock capil-
lary viscometer. Each measurement was performed at least three
times. We compared our experimental data with published values
and an excellent agreement was observed (Gonzalez et al., 2007;
Chodzińska et al., 2012; Pang et al., 2007).

3.3. Bubble velocity measurement

The experimental measurements were performed in a glass cell
(30 cm height, 8 cm width and 6 cm depth) using the freely rising
bubble method. Single bubbles were created by a bubble generator,
produced at the top of a thin capillary (inner diameter 10 mm, outer
diameter 375 mm) and allowed to rise through the stagnant liquid.
The bubble generator was connected to an air compressor and
pressure tank to provide a constant pressurised supply of air. A
computer programme was used to control the volume (and hence
diameter) of each bubble by adjusting the duration of time air is
filled into a capillary before the bubble is released. A capillary
was lined with a hydrophobic coating to prevent the solution from
entering the tip under hydrostatic pressure and, conversely, the
outside surface was treated with a hydrophilic coating to ensure
the bubble forms only on the tip. The programme was then initi-
ated by the user, allowing air to flow through the valve and a bub-
ble to form. The bubble was mechanically released from the tip by
quickly moving the tip of the capillary downwards, allowing a sin-
gle bubble to rise freely in the liquid. A Photron SA1.1 high speed
camera with a 1024H � 1024V pixel resolution, image resolution
2–3 px/lm and Navitar macro-objective lense was used to capture
monochrome images of the rising bubble at terminal velocity with
a frame velocity of 2000fps. The camera was mounted on a hori-
zontally and vertically adjustable platform, capable of precisely
adjusting the position. The observed space was illuminated from
behind using a Schott cold light source. The camera captured a
movement of the bubble at a distance of 20 cm from the tip of
the capillary. No bubble shape oscillations or acceleration were
detected at this distance.

The images were focussed and calibrated before recording
began. A microscopic scale printed on a glass slide was inserted
vertically into the tank and carefully positioned such that the rising
bubbles directly hit the bottom of the slide. The camera distance
to/from the glass slide was then adjusted to focus on the printed
scale and hence the rising bubbles. The frame was then saved for
distance calibration in image analysis and the experiment was
ready to begin. The bubble size, db, was gradually varied between
0.4 and 1.0 mm over a total of over 50 data sets for each alcohol-
water test solution. The temperature of the experiment was
recorded using a mercury thermometer at the beginning and
throughout the duration of the experiment to ensure the
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temperature of solution remained stable. Upon finishing the tests,
the tank was drained and washed thoroughly with demineralised
water to avoid cross contamination between solutions. Images
were evaluated using the image analysis software NIS-Elements.
The bubble sequence captured was imported and adjusted to the
corresponding calibration scale. The binary threshold of the images
was then defined to determine an accurate and distinct boundary
of the bubble. The measurement was then performed, recording
the bubble diameter, x and y-position of the bubble centre and cir-
cularity of the bubble for each frame within the sequence. From the
data imported, it was possible to determine the average bubble
diameter for each sequence. The distance travelled by the bubble
was calculated using the x and y-coordinates of the bubble centre
of two consecutive shots. The terminal rising bubble velocity was
calculated from dividing the distance by the time taken to travel
that distance. The average value was determined from at least 20
consecutive bubble positions. We tested also the bubble sphericity.
Shape of bubbles can be characterized by the aspect ratio, which is
the ratio of the bubble width to height. For larger bubbles, with a
diameter above 0.7 mm, the aspect ratio was 1.02. For smaller bub-
bles, the average value is 1.01. In pure water, the value was 1.07.
4. Results and discussion

4.1. Terminal bubble rising velocity

Fig. 1 shows the visualization of the change of terminal rising
velocity (Ub) in three different solutions. The images were created
by composing two frames with a time delay of 0.1 s and illustrate
the distance travelled for this time period. The bubble motion is
fastest in pure water (detail A) and slowest in the highly diluted
solution of propanol (detail B, xP = 0.005). In more concentrated
solutions (detail C, xP = 0.07), the rising velocity increases even
though the viscosity also increases.

Data from all measurements are given in Fig. 2 (system water-
ethanol) and 3 (system water-propanol). Experimental data are
depicted as circles; theoretical values, calculated by Eq. (2), are
given as lines. The solid line (top) indicates the terminal rise veloc-
ity of bubbles with a mobile surface calculated with CD predicted
by Mei using Eq. (4). The dashed line (bottom) illustrates the pre-
dicted terminal rise velocity for bubbles with an immobilised bub-
ble surface (CD predicted by Turton, Eq. (6)). The values of dynamic
viscosity and density listed in Table 1 were used for these calcula-
tions. The values of density and viscosity were recalculated using
Fig. 1. A composite of two images with a time shift of 0.1 s. Detail A: pure water,
Db = 0.601mm; detail B: xP = 0.005,Db = 0.607mm; detail C: xP = 0.07,Db = 0.609 mm.
Light spots in the middle of bubbles are caused by light beam penetration.

Fig. 2. The bubble terminal velocity as a function of bubble diameter in ethanol-
water mixtures. The full line (—) represents the calculated velocity for mobile
bubble surface (Eqs. (2) and (4)). The dashed line (– –) represents the calculated
velocity for immobile bubble surface (Eqs. (2) and (6)).
the similarity model for the temperature at which the velocity
measurement was done (see Table 1). The molar fraction of alcohol
in solution is displayed in the top left corner of each graph.

It can be seen in all graphs that the terminal rising velocity
increases with the diameter of the bubble. However, if we look at
the individual graphs, we can notice differences in the manner
how it increases. As expected for pure water (Fig. 2), the experi-
mentally determined Ub shows good agreement with predictions
for a bubble with mobile surface for the whole range of bubble size
investigated. At concentrations below 0.01 molar fraction of etha-
nol, we can see that the bubble velocity is much closer to that pre-
dicted for bubbles with immobile surface and that the surface
mobility increases with increasing bubble size. Similar behaviour
can be observed in dilute surface-active solutions. This can be
attributed to the alcohol molecules behaving as surface active con-
taminants and adhering onto the surface of the bubble as the bub-
bles rise and the surface-active molecules accumulate at the rear of



Fig. 3. The bubble terminal velocity as a function of bubble diameter in propanol-
water mixtures. The full line (—) represents the calculated velocity for mobile
bubble surface (Eqs. (2) and (4)). The dashed line (– –) represents the calculated
velocity for immobile bubble surface (Eqs. (2) and (6)).
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the bubble, forming a compressed adsorption layer known as the
stagnant cap. This partially eliminates the internal circulation
within the bubble, thereby significantly increasing the drag.
According to Dukhin et al. (2015), the increase of drag coefficient
is detected when the cap angle of the upper mobile top is smaller
than 150�. For the cap angle smaller than 40�, the bubble behaves
as a rigid sphere. The bubbles in propanol solutions with the molar
fraction 0.003 and 0.005 evinced the behaviour of bubbles with
completely immobile surface irrespective of the bubble size mea-
sured. Our results seem to suggest that at low concentrations,
these alcohols behave as classical surfactants that accumulate at
the rear of the bubble during its rise and contribute to the increase
in drag force. The results also suggest that propanol is a more ‘‘ef-
ficient” surfactant as the total immobilisation was achieved for the
whole range of bubble size investigated while with ethanol; only
the smaller bubbles were completely immobile.

Additionally, it can be observed that in the concentration inter-
vals, 0.02 � xE < 0.15 and 0.01 � xP < 0.07, an increase in alcohol
concentration causes the bubble behaviour to tend towards Mei’s
predictions for a mobile surface with the values of velocity mea-
sured falling between the two limit cases. For concentrations of
xE � 0.15 and xP � 0.07, the bubbles behave as if having a com-
pletely mobile interface and their velocity agrees with the predic-
tion for CD using Eq. (4). For all these more concentrated solutions,
the existence of alcohol-water microstructures is assumed. At the
interfacial layer where the alcohol concentration is higher
(Chodzińska et al., 2012; Sung et al., 2005), the presence of similar
microstructures is obvious. Figs. 2 and 3 also show a decreased
range in the maximum diameter of the created bubble. This is a
consequence of the decrease in surface tension upon increasing
the concentration of alcohol in solution. The maximum size of
the bubble that can be spontaneously formed from an orifice is
given by capillary radius, surface tension and density difference.
For our capillary, the maximum bubble diameter is therefore
Db � 0.6 mm for higher alcohol concentration.

Considering the significant abnormal variations in viscosity and
density over the composition range, there are expected differences
to the terminal rise velocity at a given bubble diameter. Therefore,
to effectively determine the effect of increasing the molar fraction
on the terminal velocity achieved, data for a single bubble diame-
ter was used for illustration, db = 0.6 mm being chosen, as most
solutions tested had data for bubbles of this size. The values were
interpolated from a trend line data fit and these data is resumed in
Fig. 4. As in Figs. 2 and 3, the predicted velocity limits are also
shown. In Fig. 4, the influence of the structure changes is more
clearly seen. Firstly, a substantial decrease in terminal rise velocity
with only a small addition of alcohol is visible. At a molar fraction
of 0.01 for ethanol and 0.003 for propanol, the velocity observed
was almost that predicted for a bubble with fully immobile inter-
face. As discussed before, this is due to surfactant-like behaviour of
the alcohol molecules, restricting the mobility of the surface and
retarding the motion of the bubble. At constant bubble size, it
would be expected that with the increase the alcohol concentra-
tion, the bubble surface should remain contaminated and the bub-
ble velocity should stay low, as typical of a rigid sphere, following
the dashed line in Fig. 4. Similarly, the viscosity of these solutions
increases with their concentration, having a maximum value at x
� 0.25 both for ethanol and propanol (Chodzińska et al., 2012),
so the drag coefficient is expected to increase and further retard
the motion of the bubble. However, the velocity unexpectedly
increases. For ethanol, this observation can be made between
molar fractions of 0.05 � xE � 0.10. An even more pronounced
trend was observed for propanol in the range 0.005 � xP � 0.07.
Above molar concentrations of xE = 0.15 and xP = 0.07, the bubble
velocity closely matches the predictions for a fully mobile bubble
surface. This suggests that the bubble surface is now fully
mobilised. The subsequent decrease in velocity is due to the
increase in viscosity of the solution. The minimum on the velocity
curve corresponds to a viscosity peak of roughly x � 0.25.

4.2. Drag coefficients

The velocity change can be emphasised further by comparing
the drag coefficient calculated, by Eq. (2), for the full range of bub-
ble sizes with their respective Reynold’s number, by Eq. (3). The



Fig. 5. Dependence of the drag coefficient on the Reynold’s number of the bubble within the solutions of ethanol molar concentration. Dashed line – CD by Eq. (6) (immobile
bubble surface). Solid line – CD by Eq. (4) (fully mobile bubble surface). Left – low xE, Right – high xE.

Fig. 4. Terminal bubble velocity as a function of ethanol (left) and propanol (right) concentration. Data were calculated for bubble diameter 0.6 mm.
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results both for ethanol and propanol are illustrated in Figs. 5 and
6, respectively. In these figures, the upper (dashed) line illustrates
the drag coefficient for a given Reb predicted by Eq. (6) for an
immobile bubble surface. The lower (solid) line indicates the drag
coefficient for a given Reb predicted by Eq. (4) for a fully mobile
bubble surface. Here we should note that our data was also com-
pared with other models. The Moore expression (Moore, 1963)
for the mobile bubble surface is often recommended for pure liq-
uids; but this model is suitable only for higher Reynolds numbers.
In case of immobile bubbles, we obtained identical results for
Schiller and Nauman model (Eq. (5)) and for Turton model (Eq.
(6)). The results for the Schiller’s model are not shown keep the fig-
ures clear. All the experimental data lies within the range predicted
for mobile and immobile bubble surface. The data for low concen-
trations, with partially immobilized behaviour, are displayed in the
left part of the figure, whilst the data for higher concentrations are
shown in the right part.

In the case of clean water, data was in the range of Reynolds
numbers between 50 and 100. Experimental drag coefficients
match perfectly with predicted values for mobile surface. If alcohol
is added even in trace amounts, the bubble surface mobility
reduces and the drag coefficient increases, see xE = 0.005 in Fig. 5
and xP = 0.001 in Fig. 6. This reflects the large initial reduction in
terminal velocity achieved already noticed in Fig. 4. This change
occurs at very low alcohol concentrations. At these low concentra-
tions the effect of the alcohol is felt not only in the terminal veloc-
ity of the bubbles but also on the coalescence of bubbles. Many
authors investigated the effect of alcohols on the coalescence of
bubbles and it has been established that above a critical concentra-
tion, the coalescence of bubbles is suppressed. Zahradnik et al.
(1999) found that the critical concentrations for ethanol and pro-
panol are 0.178 mol/l (xE � 0.0038) and 0.014 mol/l (xP �
0.00033) respectively - even lower than the minimum investigated
here. Increasing the concentration leads to a maximum in the drag
coefficient for both alcohols (xE = 0.01 and xP = 0.005), correspond-
ing to the prediction for immobile interface (Eqs. (2) and (6)). After
this maximum, further increasing the alcohol concentration leads
to a decrease in the drag coefficient till it reaches the minimum
limit for a bubble with a completely mobile surface. Both figures
clearly show a transition from a bubble with an immobile surface
to a fully mobilised surface upon increasing concentration. The
transition point is 15 molar % for ethanol and 7 molar % for propa-
nol. However, with further increase in alcohol concentration, there
is an important change in viscosity and density of the solution
which impacts the Reynold’s number. Additionally, the surface ten-
sion is reduced and the bubbles formed on a capillary are smaller
as a result. It is therefore difficult to compare CD at different Rey-
nolds numbers because there are several independent properties
acting against each other. Fig. 7 illustrates the drag coefficients
as a function of alcohol concentration at constant Reynolds number
(Reb = 20). We proposed a dimensionless function fCD:

f CD ¼
CD;exp � CD;mobile

CD;immobile � CD;mobile
; ð7Þ



Fig. 7. Dependence of dimensionless function fCD on alcohol molar fraction at
Reb = 20.

Fig. 6. Dependence of the drag coefficient on the Reynold’s number of the bubble within the solutions of propanol molar concentration. Dashed line – CD by Eq. (6) (immobile
bubble surface). Solid line – CD by Eq. (4) (fully mobile bubble surface). Left – low xP, Right - high xP.
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with CD, exp calculated by rearranged Eq. (2), CD, mobile calculated by
Eq. (4) and CD, immobile calculated by Eq. (6). This function is 0 for
bubbles with a mobile surface and 1 for bubbles with an immobile
surface. The value of Reb = 20 was chosen because we had sufficient
experimental data in this area. Identical behaviour was observed at
different Reynolds numbers (see Figs. 5 and 6), but results are not
shown for simplicity of the figure.

It is clear from the course of both curves in Fig. 7 that ethanol
and propanol in water mixtures behave similarly. Based on the
alcohol concentration, we can divide these solutions into 3 distinct
regions: (i) mixtures with very low alcohol content, (ii) mixtures
with medium alcohol content and (iii) mixtures with high alcohol
content.

In the first region, i.e. for solutions with very low alcohol con-
centrations, the mixtures behave as solutions containing surface
active agents. Alcohol molecules that are present in the solution
diffuse very quickly onto the phase interface. We can observe a sig-
nificant decrease in surface tension, but the properties of the bulk
liquid (density, viscosity) are still relatively consistent. The concen-
tration of alcohol in the interface layer is higher than in bulk and
thus the interface behaviour is changed. The higher concentration
near the interface was confirmed both experimentally (Sung et al.,
2005) and from calculations (Chodzińska et al., 2012; Yano, 2005).
From the macroscopic view, we can observe the reduction of bub-
ble velocity and the increase of drag coefficient. The alcohol mole-
cules adsorb at the interface of the rising bubble and accumulate in
the rear. Their slower and more strongly resisted desorption back
to the bulk liquid causes the partial immobilisation of the interfa-
cial layer and the resulting gradient of surface tension is balanced
by shear stress exerted on the bubble surface by the surrounding
liquid. When compared to ‘clean’ bubbles, this shear stress is
higher and the bubble drag is therefore increased. The degree of
surface coverage of surface-active molecules is related to the size
of the bubble and is slightly reduced with increasing bubble sur-
face area (Cuenot et al., 1997; Dukhin et al., 2015; Ramirez-
Munoz et al., 2012). Therefore at constant surfactant concentration,
the drag coefficient decreases and the velocity increase with
increasing bubble diameter, as seen in Figs. 2 and 3. This depen-
dence, of course, is not linear. Overall, it can be summarised that
simple alcohols acting as surface active agents exhibit the maxi-
mum surface effect at very low concentrations. For propanol, we
found this maximum between molar fractions of 0.001 to 0.005.
For ethanol, the maximum was observed between molar fractions
from 0.005 to 0.01.

In the second region, i.e. for solutions with medium alcohol con-
centrations, the behaviour of the mixture varies with the increas-
ing alcohol concentration. Micro-aggregates have not begun to
form, but the molecular bonds between alcohol and water are
changing. For example, the structural changes were observed and
described for ethanol-water mixture at concentrations between 4
and 6 molar percent (D’Angelo et al., 1994; Sato et al., 1999). Bonds
are shortened and intensified and thus both dynamic viscosity and
density increase. The surface tension is decreased upon increasing
alcohol concentration in surface layer; this phenomenon occurs
more drastically with larger hydrocarbon chains. Therefore, the
surface excess of alcohol for propanol increases more rapidly than
that of ethanol (Yano, 2005). Chodzińska et al. (2012) measured the
alcohol surface excess concentration and differences between the
alcohol activity at the solution-air interface and in the bulk phase.
They found the alcohol activity maxima for propanol at concentra-
tion xP � 0.02 and for ethanol at concentration xE � 0.06. The Gibbs
surface excess maximum CE for all alcohols is the same; around 6
� 10�6 mol/m2. After reaching this maximum, the concentration
gradient reduces in conjunction with the gradient of surface ten-
sion. This surface tension gradient is balanced by the decreasing
shear stress exerted on the bubble surface by the liquid. In sum-
mary, the desorption of alcohol molecules from the phase interface
is facilitated which in-turn reduces the drag force and subse-
quently causes an increase in terminal rising velocity. This trend
is especially apparent in Fig. 4. The transition to the next region
is quite substantial and is related to the formation of aggregates.

The values of the mole fraction corresponding to the aggrega-
tion of ethanol and propanol determined on the basis of the surface
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tension isotherms are equal to 0.17 and 0.07 (Chodzińska et al.,
2012). Multiple other sources have also reported a critical aggrega-
tion concentration at xE � 0.20 and xP � 0.07 (Dolenko et al., 2015).
Above these concentrations, all alcohol molecules are located in
clusters (or aggregates) and water behaves like a solvent in the
alcohol solution (Takaizumi and Wakabayashi, 1997). Additionally,
in these cases the alcohol molecules have a greater affinity to con-
centrate in the bulk liquid than at the interface, hence losing its’
surfactant nature. The activation enthalpy and entropy suggests
that the alcohol molecules in the mixture behave similarly to those
in pure alcohol as the molecules form nearly the same chainlike
clusters of pure components. This finding also gives evidence
despite being macroscopically uniform, alcohol–water mixtures
are not uniform on a microscopic to mesoscopic level (Sato et al.,
1999). In the third region, i.e. for solutions with high alcohol con-
centrations, the properties of the investigated mixtures are most
interesting. Significant variations in the solutions physical proper-
ties have already been discussed and, from an engineering perspec-
tive, the viscosity maximum is critical. Our results show that the
properties of the phase interface also change significantly which
affects the bubble behaviour. Upon reaching the critical aggrega-
tion concentration, the dimensionless function fCD (Eq. (7)) remains
constant for the remaining composition range. Put simply, the bub-
ble surface appears to have become fully mobilised. For ‘‘mobile”
bubbles, the liquid flow is attached to the bubble surface and the
pressure field in the rear part of the bubble is similar to that across
the bubble’s front. The liquid flow thus exerts very low shear stress
on the bubble surface. It can therefore be assumed that aqueous
solutions of simple alcohols behave like pseudo-pure substances.
The concentration of alcohol molecules in bulk liquid is too high
for the formation of the surface tension gradient.
5. Conclusion

This experiment offers a means to study the previously unex-
plored and often misunderstood impact of the structural changes
within alcohol-water mixtures across the concentration range on
bubble hydrodynamics. The methods are first successfully vali-
dated by comparing the measured physicochemical properties
with previously published data. It is demonstrated that the
changes in internal structure and strengthening of hydrogen bonds
reported in literature can significantly affect the terminal rising
velocity achieved in a gas-liquid system. This report is particularly
successful in differentiating the effects of changes in bubble sur-
face mobility from the influence of known non-ideal changes in
physicochemical properties on the experimental drag coefficient.

Based on the alcohol concentration we can divide the aqueous
solution of simple alcohols into 3 regions: (i) mixtures with very
low alcohol content, (ii) mixtures with medium alcohol content
and (iii) mixtures with high alcohol content. The behaviour across
the full composition range is rather complex, with a clear gradual
transition between a completely immobilised bubble surface at
low concentrations and a fully mobilised surface at concentrations
above the critical aggregation concentration. At low concentrations
(xE � 0.01, xP � 0.005), the bubble surface is immobilized. The dis-
persed alcohol molecules are presumed to behave as surfactants
and adsorb the surface of the bubble, thus increasing the shear
stress and drag. The drag coefficient is well approximated by the
behaviour of a solid particle with no-slip boundary condition for
the liquid flow (Schiller and Naumann, 1935; Turton and
Levenspiel, 1986). In the second region, i.e. for solutions with med-
ium alcohol concentrations, the behaviour of the mixture varies
significantly with the changing alcohol concentration. Due to the
changing concentration and surface tension gradients, the drag
coefficient decreases. In this third region, i.e. for solutions with
high alcohol concentrations, the properties of the mixtures are
influenced by the existence of cluster or micro-aggregates. In this
region, in which alcohol and water molecules form complete and
stable clusters within the solution, due to the minimal gradient
of surface tension the liquid flow exerts very low shear. For high
concentrations above xE � 0.20 and xP � 0.07, the bubble surface
is shown to be completely mobile. The drag coefficient is well
approximated by the expression of Mei and Adrian (1992) and
Mei et al. (1994).

Although this work does not present a model to calculate the
drag coefficient and terminal velocity across the composition
range, it has challenged the understanding of what influencing fac-
tors dominate the drag coefficient and resulting bubble motion in
various composition regions. Thus, the work presented will be
applicable from a practical and academic standpoint, and should
be considered in the prediction of interfacial drag or relative veloc-
ity between phases in any dispersed two-phase system involving
aqueous mixtures of simple alcohols. In future, this work will be
combined with the similar ongoing study using alcohol-water mix-
tures with surface-active agents. Collectively, this will inevitably
provide a more complete understanding of the complex inter and
intra molecular mechanisms which influence bubble motion in dis-
persed two-phase systems.
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